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Online matching markets face increasing needs to accurately learn the matching qualities between demand
and supply for effective design of matching policies. However, the growing diversity of participants introduces
a high-dimensional challenge in practice, as there are a substantial number of unknown matching rewards
and learning all rewards requires a large amount of data. We leverage a natural low-rank matrix structure of
the matching rewards in these two-sided markets, and propose to utilize matriz completion (specifically the
nuclear norm regularization approach) to accelerate the reward learning process with only a small amount of
offline data. A key challenge in our setting is that the matrix entries are observed with matching interference,
distinct from the independent sampling assumed in existing matrix completion literature. We propose a new
proof technique and prove a near-optimal average accuracy guarantee with improved dependence on the
matrix dimensions. Furthermore, to guide matching decisions, we develop a novel “double-enhancement”
procedure that refines the nuclear norm regularized estimates and further provides near-optimal entry-wise
estimations. Our paper makes the first investigation into adopting matrix completion techniques for matching
problems. We also extend our approach to online learning settings for optimal matching and stable matching
by incorporating matrix completion in multi-armed bandit algorithms. We present improved regret bounds in
matrix dimensions through reduced costs during the exploration phase. Finally, we demonstrate the practical

value of our methods using both synthetic data and real data of labor markets.
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1. Introduction

Online matching markets have become increasingly essential to facilitate the matching efficiency
across many domains. For instance, freelance service platforms, such as Upwork and Taskrabbit,
provide new opportunities to help businesses secure temporary labor (Belavina et al. 2020); dating
apps, such as Tinder and Bumble, have become the most popular way for couples to meet (Rosenfeld
et al. 2019); ride-hailing companies, such as Uber and Lyft, thrive through bridging demand and

supply of transportation in a timely fashion (Yan et al. 2020); volunteer crowdsourcing platforms,
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such as Food Rescue US and Food Rescue Hero, rely on volunteers to deliver donated food from
local businesses (Lo et al. 2024). The majority of the matching markets, including all previous
examples, exhibit a two-sided structure, e.g., jobs and workers in the labor market, or riders and
drivers in the ride-hailing sector. For convenience, we will use the aforementioned online labor
marketplaces as our primary setting; thus, we denote the two sides of the market, i.e., the demand
side and supply side, as jobs and workers respectively.

While the matching literature typically focuses on designing matching policies given known
matching qualities between any types of jobs and workers, we consider the problem of learning
unknown matching qualities through noisy data. To illustrate, consider the following example of
one-to-one matching in a centralized online labor marketplace:

ExXaAMPLE 1. Online labor platforms, such as Upwork and Taskrabbit, want to match each
unfilled job with an available worker. In such a case, the set of job and worker types makes up the
two sides of the online labor market. The design of any matching policies relies on accurate esti-
mates of the quality or reward of any match between each job and worker type from, e.g., ratings of
worker performance (Belavina et al. 2020) or certain quality measure of productivity (Kaynar and
Siddiq 2023). To that end, the platform tests any possible matches of jobs and workers of different
types over time, collects observable feedback of all matched pairs, and finally uses these data to
estimate the matching qualities. Then, the platform can decide how to match the two sides with
regard to the updated knowledge about matching qualities.

The increasing variety of both jobs and workers introduces significant challenges into learning the
matching market both practically and theoretically. The current literature on two-sided matching
typically assumes a small number of demand and supply types to ensure theoretical guarantees,
yet limited in model dimensionality and hence practicality (Chen et al. 2023). In practice, the
number of matching qualities to learn between job and worker types can be high-dimensional. For
example, Upwork has more than a hundred job categories according to their website description;
therefore, even tens of worker types will result in thousands of matching qualities to learn in such
an online labor platform. As a result, learning accurate matching qualities statistically requires a
large number of samples of matched pairs and their feedback. In other words, it can be very costly
to collect enough observations to learn all matching qualities until the downstream decision making
of matching can become precise.

In this paper, we propose to leverage the matrix structure of the matching market and speed up
the learning process of matching qualities using the technique of matriz completion (Candes and
Recht 2008, Candes and Plan 2010, Candes and Tao 2010). Note that the two-sided structure of
the matching market (see Figure la) naturally possesses the form of a matrix — i.e., the job and

worker types form the rows and columns of the matrix (see Figure 1b). For instance, in Figure



1b, each row of the matrix denotes one worker type, and each column denotes one job type; the
value of each entry equals the unknown quality or reward of matching jobs and workers from the
corresponding types. Our goal is to learn every entry of a large reward matrix (as discussed in
the previous paragraph) using only a small number of observed noisy matching outcomes, which
is typically much less than the total number of matrix entries. Yet, this is hardly likely without
assuming some underlying structure of the reward matrix that relates different entries. Intuitively,
if the entries of the reward matrix are related, then the observed matching outcomes of one pair

of job and worker types can help learn the matching value of another pair.
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Figure 1 Toy example of one-to-one matching for 3 worker types and 4 job types. (a) presents one matching of
this labor market. (b) shows the matrix representation of the matching problem, where each entry denotes the

reward of matching the corresponding worker and job pair; the matched pairs in (a) are circled in red.

To that end, we impose a natural low-rank structure of the reward matrix. The low-rank property
has been demonstrated for general high-dimensional matrices (Udell and Townsend 2019) and has
proven to be practically efficient across various domains, such as recommendation systems (Bell
and Koren 2007), healthcare (Schuler et al. 2016), and textual analytics (Pennington et al. 2014).
Formally, consider a matching market with IV types of workers and K types of jobs. The reward
matrix @* € RV*X represents the true matching qualities between jobs and workers; particularly,
the (i,7)™ entry of the matrix, ®*() denotes the reward of matching workers of type i € [N] =
{1,---, N} and jobs of type j € [K] ={1,---, K}. We expect that, in a large matching market with
large values of N and K, the reward matrix ®* has a low rank » much smaller than the number of
worker and job types, i.e., rank(®*) =r < min{N, K'}. In other words, we have @* = U*V*T for
some U* € RV*" and V* € RE*", of which the i*" row U*(*") and the j*" row V*U+) are r-dimensional
latent vectors of worker type i and job type j respectively. These latent vectors can be interpreted

as latent features of the corresponding worker and job types. For example, U*®) might include



worker type i’s information such as education background and working experience; similarly, the
V*(U) might contain job type j’s information such as income level and job responsibilities. Then,
the matching reward ©*(%7) is determined by the interaction between the latent features of worker
type ¢ and job type j. Consequently, we are able to cross-learn all the matching rewards of workers
with type i (or jobs with type j) since they share a common latent feature vector U*(") (or V*U:)),
This allows us to estimate a much smaller number of 7(/NV 4+ K') unknown parameters of U* and V*
(Candes and Plan 2010) to learn the whole matching market, in contrast to learning N K unknown
rewards in ®* directly.

One state-of-the-art approach of matrix completion is to incorporate a nuclear norm penalty
on ©* (Koltchinskii et al. 2011, Negahban and Wainwright 2012). In particular, the nuclear norm
penalty (which we will introduce in Section 3) only requires few samples to identify the sparse
set of non-zero singular values of the matrix accurately and hence estimate the low-rank matrix
efficiently.

However, we face two key challenges when applying this approach to learn the matching reward
matrix. First, the current literature on matrix completion primarily provides improved performance
bounds under the assumption that the entries of the matrix are observed or sampled independently,
a condition not met by our setting due to matching interference. To illustrate, consider a one-
to-one matching problem as in Figure 1, which shows one matching of the market. The three
observed entries, circled in red in Figure 1b, are not independently observed since the same worker
cannot choose multiple jobs and vice versa (i.e., there can be at most one entry in each row and
column). Thus, it introduces additional correlation among observations and makes the current proof
techniques not applicable. Second, to guide the downstream matching decision in certain scenarios,
it is necessary to quantify the statistical uncertainty of the estimate of each matrix entry. For
instance, given informative entry-wise uncertainty, we can find the matching with the maximum
total matching reward (e.g., optimal matching) or learn the preference rankings of the demand
side (e.g., stable matching) with high probability. However, the mainstream of the literature can
only provide a theoretical guarantee of the average accuracy over all matrix entries. A few recent
studies establish entry-wise error bounds for low-rank matrices (e.g., Chen et al. 2020, 2021); yet,
these works heavily build on the assumptions of independent sampling and cannot be extended to
our settings with sampling interference.

Our work addresses these two challenges through new analytical techniques. First, most proof
techniques (see, e.g., Klopp 2014, Hamidi and Bayati 2022) rely on a contraction inequality. Yet, in
our context with matching interference, this approach results in a sub-optimal error rate as if matrix
completion were not employed; that is, the error rate scales similarly as that of estimating every

entry using its sample average individually. To overcome this issue, we utilize a new “linearization”



trick that leverages the sampling property of matrix completion problems, and show that a near-
optimal bound with improved dependence on matrix dimensions (i.e., N and K) is achievable.
Second, we develop a novel “double-enhancement” procedure that refines entry-wise estimates
of the reward matrix and improves the entry-wise accuracy atop the nuclear norm regularized
estimation. Specifically, this procedure estimates more precisely each row of the latent feature
matrices U* and V* respectively — and thus each entry of ®* — using linear regression based on
the initial nuclear norm regularized estimate of ®*. We provide a tighter theoretical guarantee on
the entry-wise errors of matrix completion by analyzing this enhanced estimator in our matching
setting, while the existing proof techniques only work for independent sampling.

Furthermore, we extend our approach to online learning problems, where we efficiently learn
the matching reward matrix in a dynamic fashion and perform both optimal matching and stable
matching via bandit algorithms (Gai et al. 2010, Liu et al. 2020). Analogous to our offline setting,
our bandit policy incorporates a natural low-rank structure of the unknown reward matrix to effec-
tively balance the exploration of new worker-job pairs and the exploitation of the learned matching
rewards. Specifically, it leverages low-rank matrix completion to accelerate the exploration phase
during online matching. We derive regret upper bounds of our algorithms with improved depen-
dence on the matrix dimension for bandit learning of both optimal matching and stable matching.
Intuitively, our low-rank reward estimators allow us to collect only few samples while still obtain
accurate reward estimates across all worker-job pairs during the exploration stage. Accordingly,
our approaches provide sample-efficient solutions that substantially reduce the exploration costs,
which is especially crucial for online matching problem with a large number of participants or with
a relatively short time horizon.

Finally, we empirically evaluate the performance of our approaches using both synthetic and real
data in the labor market. Our findings indicate that our approaches based on matrix completion
significantly improve the learning process in the offline setting and facilitate the overall matching

performance in the online scenario.

1.1. Related Literature
Our work relates to the literature of learning through matrix completion, and bandits for matching
problems.

Matriz Completion. Matrix completion involves learning missing entries of a matrix from a small
sample of observed ones, particularly for high-dimensional data that naturally forms a matrix
structure. Due to its efficiency, there has been significant interest from the operations research and
machine learning communities in applying matrix completion to various domains, such as learning

preferences in recommendation systems (Farias and Li 2019), personalizing assortment planning



(Kallus and Udell 2020), detecting inventory inaccuracies (Farias et al. 2024), and enhancing tex-
tual analytics (Xu et al. 2024). As aforementioned, our reward learning problem in the matching
markets can also be formulated as a matrix completion task, where workers and jobs define the two
dimensions of the reward matrix. To the best of our knowledge, we propose the first framework of
using matrix completion to facilitate reward learning in the matching problems.

Typically, the low-rank matrix completion literature assumes the entries of the unknown matrix
®©* of interest are sampled with the same probability independently (i.e., uniformly at random)
(Candes and Recht 2008, Candeés and Tao 2010, Koltchinskii et al. 2011). These studies show
theoretically that the nuclear norm regularization can give rise to a minimax optimal error rate up
to logarithmic terms in Frobenius norm, which measures the average estimation accuracy. Negahban
and Wainwright (2012), Klopp (2014), Hamidi and Bayati (2022) later consider more general
random sampling schemes, where the matrix entries are still sampled independently but with
different probabilities (i.e., non-uniformly at random). Recently, Athey et al. (2021) conduct one
of the first investigations into the sampling scheme with dependence, where the entries within the
same row are observed dependently due to the panel data structure in a causal inference problem.
In contrast, the dependence of the entry sampling in our problem is driven by the aforementioned
matching interference, where we can at most observe one entry from each row and column in a
one-to-one matching (see Figure 1b). As a result, existing proof techniques (Klopp 2014, Athey
et al. 2021, Hamidi and Bayati 2022) that exploit contraction inequality (e.g., Theorem 2.3 in
Koltchinskii (2011) or Theorem 4.4 in Ledoux and Talagrand (2013)) lead to sub-optimal error
bounds in Frobenius norm in our setting. Rather, we build on a “linearization” trick that leverages
the sampling property of matrix completion, and show that we can achieve a near-optimal error
bound with improved dependence on matrix dimensions (i.e., the number of worker/job types).

For matching problems, it is also important to provide entry-wise error control in £, norm for
downstream decision making, which is a harder problem than controlling Frobenius norm error.
Chen et al. (2020, 2021) are among the first to provide a near-optimal entry-wise error bound for
matrix completion; however, their analyses rely on the assumption that the entries are sampled
uniformly at random, and thus do not apply to our sampling scheme with matching interference.
We develop a novel double-enhancement algorithm that improves the standard nuclear norm reg-
ularized estimator and ensures an entry-wise accuracy guarantee in our setting. Our approach
is inspired by the row-enhancement technique from Hamidi et al. (2019); however, they consider
a different matrix factorization problem for contextual bandits, and only provide row-wise error

guarantees’.
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We also note that our matrix completion problem is different from those in Candes and Recht
(2008), Candes and Plan (2010), Chen et al. (2020), which only allow each entry to be observed
at most once. In turn, we follow the settings in an alternative line of matrix completion literature
(Koltchinskii et al. 2011, Negahban and Wainwright 2012, Klopp 2014, Hamidi and Bayati 2022),
where we might observe each entry repeatedly throughout sampling.

Multi-Armed Bandits. Our online learning algorithms contribute to the literature of bandit
algorithm design for optimal matching and stable matching. In the bandit problem for optimal
matching, the goal is to learn the unknown rewards of matching workers with jobs over time and
maximize the cumulative rewards of matched pairs. This can be formulated as a combinatorial
semi-bandit problem, where each arm is one pair of worker and job types in our setting and a set of
arms that form one matching is played simultaneously in each round (Gai et al. 2010, Chen et al.
2013, Kveton et al. 2015). Chen et al. (2013) and Wang and Chen (2018) propose Combinatorial
Upper Confidence Bound (CUCB) and Combinatorial Thomspon Sampling (CTS), adapted from
the classic bandit literature (Auer et al. 2002, Chapelle and Li 2011). Kveton et al. (2015) improve
the CUCB algorithm; they derive near-optimal upper bounds of their algorithm, matching the
lower bounds.

Recently there has also been growing interest in learning stable matching (Gale and Shapley
1962) from bandit feedback in a centralized platform (Liu et al. 2020, Jagadeesan et al. 2021, Cen
and Shah 2022). Liu et al. (2020) first introduce this bandit problem, where one side of the market
(i.e., agents) has no prior knowledge about its ranking preference over the other side (i.e., arms) and
needs to learn from stochastic rewards of matched pairs. They propose an Explore-then-Commit
(ETC) algorithm to minimize the agent-optimal stable regret — i.e., to find an optimal policy that
is a stable matching and optimal for the specific agent side. Cen and Shah (2022) extend the model
to incorporate predetermined costs and transfers, and provide a guarantee for both stability and
low regret using Upper Confidence Bound (UCB). Jagadeesan et al. (2021) consider a different
matching with transfers problem (Shapley and Shubik 1971), and introduce a new notion of regret
that captures the deviation of a market outcome from equilibrium. We adopt the bandit setting
from Liu et al. (2020) for our stable matching problem with workers being the agent side and jobs
being the arms, as its regret definition aligns closely with the traditional bandit literature.

However, the regret rates of existing bandit algorithms exhibit an unfavorable dependence on the
number of arms for both optimal matching and stable matching. This can degrade the algorithm
performance, especially when the number of arms is large or the time horizon is relatively short.
As aforementioned, our approach uses matrix completion to expedite the exploration process, and
achieve improved regret upper bounds with regard to the number of arms (i.e., the number of

worker /job types).



There is another stream of literature that considers a multi-armed bandit or linear contextual
bandit problem, where the unknown parameter of the reward has a low-rank structure (see, e.g.,
Jun et al. 2019, Bayati et al. 2022, Zhou et al. 2024). However, their settings are different from our
matching problem, and thus their algorithms do not apply to our setting with matching interference.

Dynamic Matching. Our online learning part is also related to the dynamic matching literature
in operations research that attempts to incorporate learning in a two-sided market (Massoulié
and Xu 2016, Bimpikis and Markakis 2019, Shah et al. 2020, Johari et al. 2021, Hsu et al. 2022).
However, the majority of this literature focuses on learning unknown types of one market side (e.g.,
worker /job side), and thus requires knowledge of type-dependent matching rewards. Hsu et al.
(2022) provide the first study with both unknown matching payoffs and unknown types of one
side, but consider a different problem with queueing and do not aim to improve the dependence
on market size (e.g., the number of worker/job types) as we do. Sauré and Zeevi (2013) propose
an ETC algorithm and present improved regret dependence on market size (i.e., the number of
products); however, they address a different demand learning problem in dynamic assortment and
hence their technique cannot be extended to our setting. In contrast, we focus on improving the
performance bounds regarding their dependence on market size given unknown rewards and known

types of participants.

1.2. Contributions
We highlight the main contributions of our paper as follows:

1. We propose the first framework that utilizes matrix completion to expedite reward learning in
matching problems. We theoretically justify the efficiency of matrix completion via nuclear norm
regularization in our context with matching interference. Specifically, we present a new proof tech-
nique through which a near-optimal error bound with improved dependence on matrix dimensions
is achievable. We also prove that our error bound is minimax optimal up to logarithmic terms
regarding matrix dimension through a lower bound analysis (Section 3).

2. We further design a novel double-enhancement procedure that significantly refines the accu-
racy of entry-wise estimates of low-rank matrix completion. Our approach works for broader sam-
pling distributions, including our setting of sampling with matching interference, while the existing
guarantees typically depend on the property of independent sampling and do not apply to our
setting (Section 4).

3. We also extend our offline approach to the online learning setting, and design bandit algo-
rithms for both stable matching and optimal matching problems. Particularly, we leverage low-rank
matrix completion to learn the matching reward matrix efficiently to facilitate exploration. We
demonstrate the improvement of our algorithms in matrix dimensions with two regret upper bound

results (Section 5).



4. We provide experimental results on both synthetic and real data to show that our algorithms
substantially outperform the benchmarks in both offline reward learning problem and online bandit

problems for optimal and stable matching (Section 6).

2. Problem Formulation

This section formalizes the problem of learning the matching rewards between workers and jobs
using offline matching data as a matrix completion problem. In Section 2.1, we formulate the
unknown rewards as a low-rank matrix and introduce the observation model for this reward matrix.
In Section 2.2, we highlight the key challenge of applying matrix completion to matching problems
—i.e., dependent entry-sampling due to matching interference, in contrast to canonical independent
sampling.

Notation. We use regular capital letters for vectors, lowercase letters for scalars, and bold
capital letters for matrices, unless otherwise specified. For any positive integer k, let [k] denote
the index set {1,2,---,k}. For any vector V, let V(¥ denote its i*" entry, and ||V|| denote its £,
norm. For any matrix @ € R“*% we use ®) to represent entry (i,7) of a matrix @, @)
the ¢ row of the matrix, and @¢7) the j* column. For a matrix ® of rank r, we denote its
non-zero singular values by 0. (@) = 01(0®) > 05(0@) > --+ > 0,(0O) = 0, (O) > 0, its Frobe-
nius norm by ||®||r =+/>.._, 02(0), its operator norm by [|O|,, = 01(0), its nuclear norm by
1©]. = >°1_,04(©), its o norm by [|O|sc = max;eq, O], and its vector ¢, norm by
O]l = max; ; |©@)|. Given any two matrices ©,0" € R1*%2 we denote their trace inner prod-
uct by (©,0) =371 3% ©@)@'), and their Hadamard product by © o @' € R%*% with
(©0@)) =@01) . @), Let e;(d) € R? denote a basis vector with value 1 in its i*" entry and 0

otherwise, i.e., ¢;(d)?) =1 for j =i and 0 otherwise.

2.1. Matching in a Two-Sided Market

Consider a two-sided online labor platform (see, e.g., Example 1) with N available types of workers
to be matched with K unfilled types of jobs. Assume N < K without loss of generality. The platform
is centralized — i.e., it has full control over job assignments.

Reward Matrix. The true qualities or rewards of matching the worker and job sides can be
naturally collected into a matrix form, according to the two-sided structure of the market (see, e.g.,
Figure 1). We use ©@* € RV*X to denote the reward matrix, where the worker types i € [N] and job
types j € [K] define one dimension of the matrix respectively. Particularly, each row i of the matrix
corresponds to the matching rewards of one worker type ¢, and each column j corresponds to one
job type j; the value of each entry (i,7), i.e., ®*(9) indicates the expected reward the platform
receives when a worker of type i is matched with a job of type j, for i € [N] and j € [K].
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We make two standard assumptions on the reward matrix @*, which is directly adapted from
the matrix completion literature (Koltchinskii et al. 2011, Negahban and Wainwright 2012, Klopp
2014, Farias and Li 2019, Chen et al. 2020, Athey et al. 2021). First, the true reward matrix ©*
is entry-wise bounded by 1, i.e., ||©*||., < 1. Note that we choose an upper bound of 1 just for
simplicity — our results hold for any constant upper bound.

Second, ®* has low rank, i.e., rank(®*) = r < min{N, K'}. As discussed in Section 1, Udell
and Townsend (2019) demonstrate that any sufficiently large matrix has low-rank property in
general, while typical matching markets oftentimes face a large number of worker and job types
(i.e., the matrix dimensions N and K are large) in practice. Particularly, as mentioned in Section
1, there exist two low-dimensional matrices U* € RV*" and V* € RE*" such that ®@* = U*V*',
The matching reward of worker type ¢ and job type j is then jointly determined by their latent
features, i.e., @*() = U*@&)V*U:)T  Intuitively, low-rankness suggests that the true reward matrix
depends on very few parameters, which helps reduce the number of parameters to learn from NK
of ®* to r(N + K) of U* and V*.

Matching. We consider the one-to-one matching scheme for simplicity, i.e., each worker can be
matched with at most one job and vice versa; our technical results can be naturally extended to
the general many-to-many matching setting. Let M denote one such matching, defined as a set of

pairs of worker and job types:

M= {(i,j(i)) |1 € [N]; (i) # 4 (i"), Vi#i'},

where, with slight abuse of notation, let j(i) denote the job type matched with the i*" worker type,
and no two worker types ¢ # i’ share the same job types j(i) # j(¢') and vice versa. Note that the
platform clears the market in any matching.

We can also denote a matching M using a matrix X € {0,1}¥*% where the (i, )" entry X&)
takes value 1 if (¢,5) € M and 0 otherwise. Any matching should belong to the following set of

matchings

=1

M= {Xe {0,137V K

K N
ZX(m‘):LWe[N];ZX”’”SLVJ'E[K]}- (2.1)
j=1

Particularly, vazl X(®3) <1 for a job type j since j can be assigned to at most one worker type;
in other words, the j* column of X, i.e., X(*/), contains at most one entry of 1 and elsewhere 0.
Similarly, Zj; X (1) =1 since the market clears and each worker type can take exactly one job
type. When no ambiguity arises, we will use Ml and X interchangeably in the subsequent sections.

We further define the matched pair of worker type ¢ in a matching X using a superscript i

X' =e;(N)ej) (K) " e RV, (2.2)
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that is, a basis matrix with the (,7(7))"™ entry being 1 and 0 otherwise (recall that e;(d) € R is a
basis vector with value 1 in its i entry and 0 otherwise). By our definitions, the matched pairs of

all worker types make up the matching X:

iXi:XEM. (2.3)

=1

Observation Model. Our offline matching data consists of n independently observed matchings
on the platform. Let M; (and X;) denote each matching for ¢ € [n], and X! denote the matched pair
of worker type 7 in the matching X;. We use (4, j;(i)) € M; to represent a matched pair of worker
type i and its corresponding job type from M;. Then, each matching X; is sampled independently
from the set M defined in (2.1); formally, X, is drawn from a distribution II, where II is a discrete
uniform distribution over M?2.

For each matching M, the platform observes only a noisy signal of the true reward @*(»3:(?) for
any pair (4,7;(i)) € M;. We concatenate the N noisy rewards of the N matched pairs in M, into
a vector Y; € RV, and denote the N corresponding noises as ¢; € RY. Specifically, the i'" entry of
Y;, denoted by Yt(i), corresponds to the observed reward of the pair (i,j:()); egi) represents the

unobserved noise of that pair. Then, each reward Y;(i) of worker type ¢ in a matching M, has
Y = (X}, 0) +¢’ (2.4)

for t € [n] and i € [N]. The noises sﬁ“ are o-subgaussian (see Definition 1) and independent across
matchings ¢ € [n]; we want to mention that the noises are not required to be independent across
matched pairs for ¢ € [N] within the same matching ¢ € [n].

DEFINITION 1. A random variable X € R is o-subgaussian if E[X] = 0 and El[exp(sX)] <

exp ("232) , Vs eR.

2

To simplify notation, we define an observation operator X, : RV*K — RN such that
T

for any ® € RV*K and ¢t € [n].
REMARK 1. As we will discuss in Section 2.2, the entries of ®* are not independently sampled,
ie., {X}}icin)tepn are not independent, even though the matchings {X,}c, are independent.

Particularly, {X}};cn) are correlated for every t € [n] due to the one-to-one matching constraint.

2 Sampling one matching X from the combinatorial set M can be efficiently implemented in practice by randomly
generating a N-permutation of K, i.e., an ordered sequence of N randomly selected numbers from the index set [K]
without replacement. Then, the i*" element in this sequence represents the column index j(i) where the i*" row of X
takes the value 1.
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Estimation. Our problem of recovering the unknown low-rank matrix @* using entry-wise
observations is an instance of the matrix completion problem (Candes and Recht 2008, Candes
and Tao 2010). In total, we observe nN samples for the model (2.4) from n matchings and N
matched pairs in each matching, i.c., {(X¢,Y,")) |t € [n],i € [N]}. Note that we might face a high-
dimensional problem where the sample size n/N could be limited relative to the total number of
unknown parameters in ©*, i.e., NK. As a result, we propose to exploit the low-rank structure of
©* and efficiently learn the unknown matrix using matrix completion. We describe the details of
the estimation procedure in Section 3.1.

We measure the estimation accuracy of an estimator © by its Frobenius norm, i.e., H@ - O*||F,
in Section 3. As aforementioned, we require an entry-wise error guarantee for certain downstream
matching problems. Thus, we also measure an entry-wise estimation error of e) by its £, norm,

ie., ||(:) — ©*||s, in Section 4.

2.2. Sampling with Matching Interference

A key challenge of our matrix completion problem is the dependence of entry sampling due to inter-
ference in the matching markets. We provide detailed descriptions of this problem, and compare
our matching sampling scheme to two standard independent sampling schemes in the literature,
i.e., independent sampling and independent row sampling. For simplicity, we take the one-to-one

matching setting as an example; our argument applies to many-to-many matching setting as well.

Job Types Job Types JobTypes
A N\ N\
A o = A = A =
84 6! ! A
g | W] g | W] ] [ W]
& & g
= 2 N ) R
5 5 5
= s s
2 2 A 8 A
(a) Independent Sampling (b) Indepedent Row Sampling (¢) Matching Sampling

Figure 2  Toy example of different sampling schemes for N =3 worker types and K =4 job types. One red

triangle indicates that the corresponding entry is sampled once. (a) shows an independent sampling scheme,

where all entries are sampled at random with replacement. (b) shows an independent row sampling scheme,
where the column is selected at random for each row independently. (c) shows a dependent sampling scheme with

matching interference in our matching setting.

Independent Sampling. Independent sampling is the most widely studied sampling scheme
in the matrix completion literature. Typically, it refers to the setting where the entries of a matrix

are sampled at random either uniformly (see, e.g., Candes and Recht 2008, Candes and Tao 2010)
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or non-uniformly (see, e.g., Negahban and Wainwright 2012, Klopp 2014). The majority of the
literature derives an improved estimation error bound for an unknown low-rank matrix under this
assumption, given its tractability. For instance, consider sampling uniformly at random in the

observation model (2.4). In this case, the entry sampling or the matched pair X! has
X =e(N)e;(K)', (2.6)

where ¢ and j are randomly sampled from the index sets [N] and [K] respectively for any i € [N] and
t € [n]. Note that here both ¢ and j do not depend on the indices ¢ and ¢t. Therefore, {X}}icn) tejn]
are all independent from each other.

We illustrate that in Figure 2a; for simplicity, we consider the three samples of a specific ¢ but
of three different i’s with i € [N] and N =3, i.e., {(Xi,Y;"))|i € [3]}. Particularly, one red triangle
indicates that the corresponding entry is sampled once (or the corresponding worker-job pair is
matched once). Then, all entries of the matrix are sampled three times at random with replacement
given our definition in (2.6); since the location of one red triangle does not affect that of another
red triangle, the entries are sampled independently. Consequently, the same pair of worker and job
types might be observed multiple times, while some worker or job types might not be matched
through the sampling process. Apparently, independent sampling cannot guarantee a one-to-one
matching for our matching setting.

Independent Row Sampling. An alternative sampling scheme is the independent row sam-
pling (Jain and Pal 2022, Baby and Pal 2024). Particularly, sampling takes place within each row
of the matrix, and a column is randomly selected for each row independently. Now, consider inde-
pendent row sampling in the observation model (2.4). In such a case, the entry sampling or the

matched pair X! has
X =ei(N)e; (K) ',

where j is randomly sampled from the index set [K] for any i € [N] and t € [n]. Different from
our example of independent sampling, there is no longer randomness in sampling rows for a given
i€ [N]. Yet, {X}}ieinten) are still independent from each other, since the columns are uniformly
sampled at random regardless of the row index i. The independent row sampling is closely related
to the independent sampling, since the entry samplings or matched pairs Xi’s are still independent
from each other.

This is illustrated in Figure 2b. Similarly, we consider three samples of a specific ¢ but of three
different i’s so matrix entries are observed exactly three times through {X}};c(n). Under inde-

pendent row sampling, the entries in each row are randomly sampled once; the entry sampling is
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independent across rows, since the column of one red triangle in a given row does not interfere
with those of different rows. As a result, multiple worker types might be matched with the same
job type, though no worker type remains unmatched. The independent row sampling still cannot
ensure a one-to-one matching for our matching purpose.

Matching Sampling. In contrast, the one-to-one matching constraint in our matching problem
raises a unique challenge for adopting matrix completion techniques. Specifically, our matching
sampling scheme introduces dependence of entry sampling or matched pairs within a matching due
to matching interference. Recall that {X}};c(n e[ are not independent from each other in our
observation model (2.4). In particular, the N matched pairs {X}};cn) that comprise any matching
X, are correlated, since they have to satisfy

K K N N

1= X =>"X{" vie[N], and 1> X" =3 X" vje[K]

= = i=1 i=1
according to (2.1) and (2.3) (recall that the superscript (i, j) indicates the entry (7, ) of a matrix).
Basically, these inequalities enforce the one-to-one matching constraint, ensuring that two worker
types i # i’ cannot be matched with a same job type j in the same matching Xy, i.e., j;(7) # 7. (7).
Nevertheless, any matched pairs X! and Xg; across different matchings X; and X, with ¢ #£ ¢/
are still independent for any 7,7 € [IV], since the matchings are independently sampled from the
distribution II given our model setup in Section 2.1.

In Figure 2c, we present one possible matching X, of three observed entries or matched pairs given
a specific ¢t and i € [N]. The entries are sampled according to the one-to-one matching constraint;
thus, the entry sampling is dependent in our case, as any two of the three red triangles cannot fall
into the same row or column. In other words, no two worker types share the same job type and
vice versa, and all worker types are fully occupied.

Our matching sampling scheme involves dependence across entry sampling due to matching
interference, and is hence intrinsically different from both the independent sampling and indepen-
dent row sampling schemes. Therefore, the current proof techniques based on these assumptions
cannot be extended to our setting, and new proof techniques are required to achieve an optimal
sample efficiency for our matching sampling. In the next section, we first specify our matrix com-
pletion approach, and then provide a new proof technique to demonstrate the optimality of matrix

completion in such a setting.

3. Matrix Completion for Offline Matching Data
We first describe the standard matrix completion approach of nuclear norm regularization, and
utilize it to estimate the reward matrix in our matching setting in Section 3.1. Then, in Section

3.2, we prove that this estimator can achieve a near-optimal error rate in Frobenius norm under
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dependent sampling with matching interference. Finally, we provide a minimax lower bound for

our estimator to show its sample efficiency in Section 3.3.

3.1. Estimation via Nuclear Norm Regularization
We estimate the unknown reward matrix @* using the standard nuclear norm regularization defined

as follows:

©=  argmin { Znyt X, (O \|2+>\||G)|]} (3.1)

\|®||oo<1 rank(©)<r

where X; is the observation operator constructed with respect to the N matched pairs {X}};cw
as defined in (2.5), Y; is a vector of N noisy rewards observed for the N matched pairs in one
matching M;, and X is a hyperparameter. In total, we have n/N samples of entries observed through
n matchings with N matched pairs in each matching. We follow (Chen and Wainwright 2015, Ma
et al. 2018) and search our estimate in rank(®) < r to ensure that our estimate has rank no greater
than r. Previously, Chen and Wainwright (2015), Ma et al. (2018) demonstrate that such a rank
constraint can lead to improved estimation accuracy. Indeed, enforcing the low-rank structure is
crucial for obtaining an optimal error rate in our Theorem 13.

Our objective function (3.1) is directly adapted from the existing matrix completion literature
(Koltchinskii et al. 2011, Negahban and Wainwright 2012). The first part of (3.1) is the mean
squared error of the matrix estimation. Its notation slightly departs from the literature since we
calculate the loss in two steps — we first estimate the errors of the N matched pairs within each
matching, and then accumulate the errors of all the n matchings.

In the second part of (3.1), we use the nuclear norm penalty to efficiently estimate the reward
matrix. Note that a low-rank matrix has only a sparse set of non-zero singular values. Considering
that, we implement the nuclear norm regularization to identify such a sparse set accurately and
thus estimate our low-rank reward matrix efficiently. Intuitively, the nuclear norm (defined as the
sum of the matrix singular values) regularization for matrix estimation is comparable to the LASSO
estimator (Biihlmann and Van De Geer 2011, Negahban et al. 2012) for linear regression — the
LASSO penalty can efficiently identify and estimate a sparse unknown vector parameter.

The hyperparameter A trades off bias and variance. When A — 0, we perform a least square
estimation using the observed data; the estimator is unbiased but has high variance due to the
scarcity of the samples. Alternatively, when X is large, we might regularize the estimator too much
towards zero; in other words, we obtain an estimator with high bias despite low variance. Our main
result in Theorem 1 will provide a theoretically optimal value for A\, which appropriately balances

bias and variance in our setting.

3 We want to note that such a constraint is only for theoretical purpose; in practice, the nuclear norm regularization
remains effective without the constraints.
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3.2. Error Bound in Frobenius Norm

To measure the accuracy of our matrix completion approach in (3.1), we provide an estimation
error bound in Frobenius norm in Theorem 1. Intuitively, the Frobenius norm error quantifies the
average accuracy of the estimator across all matrix entries. To derive Theorem 1, we first need to
show that an intermediary result of restricted strong convexity (RSC) holds with high probability
for our matching model. This condition is common in the matrix completion literature (Negahban
and Wainwright 2012, Negahban et al. 2012, Klopp 2014, Athey et al. 2021). To proceed, we define
the L?(II) norm of any matrix © € RV*X as

1O L2 = | E

Z<X;‘,e>2],

i=1

where the expectation is taken over {X}};c(n) defined in (2.2) (recall that X,’s are sampled from

).

PROPOSITION 1. Define for any ao>0

N
o) = { ARV | Al LA > P rank(A) < 1. (32)
Then, for any A € C,(r), we have
n N
1 ; r? K log[(N + K)n|
Y AP 2 Al - (Y , (3.3

t=1 i=1

with probability greater than 1 —exp(—a«), where co,co and cz are positive constants.

The proof is provided in Appendix A.5. Essentially, our RSC condition shows that the loss
function in the first part of (3.1) is almost strongly convex, since the last term on the right hand
side of (3.3) is minor with moderate size of n. This condition is similar to the minimum eigenvalue
condition for linear regression or compatibility condition for LASSO estimation (Bithlmann and
Van De Geer 2011, Negahban et al. 2012), which provides enough convexity guarantee on the
loss function to identify the optimal estimates. Intuitively, our matching sampling scheme, though
limited by the one-to-one matching constraint, still captures and reveals a substantial proportion
of the true matrix entries.

Based on the RSC condition, we now present our main result that provides a theoretical guarantee
on the nuclear norm regularized estimator in (3.1). We will further show its minimax optimality
(up to logarithmic terms) in the upcoming Section 3.3. In essence, our result demonstrates that
the standard nuclear norm regularization approach can still achieve an optimal performance even

under a harder matching sampling scheme than the canonical independent sampling.



17

THEOREM 1. The estimator © in (3.1) satisfies

=o()

with probability at least 1 — 4exp(—a) for any a > 0, where A = cyo(a + log(N + K))//n for a

|-

positive constant cy.

We provide the proof in Appendix A.2. The nuclear norm regularized estimator yields an estimation
error of O(rK/+/n) in the Frobenius norm in our setting. In contrast, we will obtain a worse rate
of O(K\/N/n), if we estimate each entry of the matrix independently using sampling average
without sharing any latent information. Our result shows that matrix completion can be especially
helpful in the high-dimensional setting when N and K are much larger than the rank r. Note
that under independent sampling scheme, Negahban and Wainwright (2012) provide the minimax-
optimal error bound in Frobenius norm as 5([( r/n)*. Our error bound is comparable with that
under independent sampling; we have an additional factor of y/r, which is rather insignificant since
r < min{N, K}, due to the complexity introduced by the sampling interference in our matching
setting.

Indeed, the presence of certain dependent structure among sampling can give rise to poor error
rates in a matrix completion problem (Athey et al. 2021). Existing proof techniques in Klopp (2014),
Hamidi and Bayati (2022) use contraction inequality; however, this proof strategy only works under
their independent sampling scheme. In our matching sampling scheme with dependent structure,
the same technique will induce a loose bound of O(K+/rN/n) with an extra factor \/N/r (> 1);
in other words, the error bound is similar to that of using sampling average to estimate matrix
entries individually without matrix completion. Particularly, a key step in proving Proposition 1
(see Appendix A.5) is to bound an error term that captures the degree of non-convexity of the loss
(i.e., the first part of (3.1)). Such an upper bound leads to the last term on the right hand side of
our RSC condition in (3.3), and eventually the error bound in Theorem 1. Specifically, this small
error term is

s 13 Z .87 (3.4

AECntl =

for some restricted set C (C Co(r), defined in (3.2)), where X! is defined in (2.2) and {& e s a
sequence of Rademacher random variables. A contraction inequality (Maurer 2016) results in an

upper bound with a non-trivial extra factor of N — i.e.,

N-E[sup225“ ]

AeC ™ 4=1 =1

4 The rate is adjusted according to two differences in our setting. First, we observe nIN samples in total. Second, we
assume ||®~||cc <1 while Negahban and Wainwright (2012) assume ||®”||r is upper bounded by a constant.
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where {ft,i}te[n]7i€[N] is a sequence of Rademacher random variables — and thus degrades the final
Frobenius norm error bound.

To tackle this challenge, we propose a new “linearization” trick to refine the upper bound of (3.4)
and thus obtain a near-optimal error guarantee. Particularly, our linearization technique leverages
the sampling property of matrix completion to linearize and upper bound (3.4) — i.e., as X! is a

basis matrix with only one entry being 1, we have
<Xi’ A>2 = (A(iyji(i)))z = <X§7 Ao A>7

where A o A € RV*X is the Hadamard square of A with (A o A)®) = (A#))2, Then, we can
simply upper bound (3.4) with

n

E[supithi<Xi,AoA>].

Acc i
We further manage to control this upper bound without introducing additional significant factors
by using a property of Hadamard square, i.e., the Hadamard square of a low-rank matrix is also
low-rank. This simple trick, in place of contraction inequality, provides a tighter guarantee for
the convexity of our loss function in our RSC condition, and hence improves our error bound by

replacing a significant factor of v/ N with only a much smaller /7 (< v/N).

3.3. Minimax Lower Bound

We establish the minimax lower bound in Frobenius norm for our matrix completion approach
for matching problems. We show that our nuclear norm regularized estimator is minimax optimal
since its upper bound in Theorem 1 matches the lower bound we provide below in Theorem 2.

We first define the minimax risk of our problem in the Frobenius norm as
UO",||- ) =inf sup E |6 — €[ 5],
® O*cC

where C = {© € RV*¥ | rank(®) =1,[|0||» < 1} and the infimum ranges over all possible estima-
tors. The minimax risk measures in principle the complexity of estimating any unknown matrix

O* satisfying our assumptions. We provide a lower bound for the minimax risk as follows.

THEOREM 2. The minimaz risk of O satisfies

[CARPEEIENG)

We provide the proof in Appendix B. The proof strategy is similar to that of Theorem 3 in
Negahban and Wainwright (2012) and Theorem 5 in Koltchinskii et al. (2011), which provide a

minimax lower bound under the independent sampling scheme. The result shows that the minimax
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lower bound of the matrix completion problem in our matching setting scales as Q (K \/7'/7), note
that this bound is the same as the lower bound provided in Negahban and Wainwright (2012) for
independent sampling scheme®. Compared to our upper bound in Theorem 1, this lower bound
suggests that our estimator in (3.1) is minimax optimal up to logarithmic terms and insignificant

factors such as /r (€ min{N, K}).

4. Double-Enhancement Procedure

In this section, we show how to obtain a desired entry-wise guarantee, which is essential to some
downstream matching decision-making processes such as online stable matching discussed in Sec-
tion 5.2. We first design a double-enhancement procedure to produce an enhanced estimator (Sec-
tion 4.1). We then provide an entry-wise error bound for this enhanced estimator (Section 4.2),

which is typically harder than the Frobenius error bound in Section 3.

4.1. Double-Enhancement Design

As aforementioned, to guide certain downstream decision making of matching, it is important to
control the statistical uncertainty of the entry-wise estimates in /., norm. For instance, entry-wise
estimates enable learning the total reward of one matching or the preference rankings of the market
sides, which can be crucial for decision making of matching discussed in Section 5. To that end,
we provide a double-enhancement technique atop the nuclear norm regularization to further refine
the entry-wise estimation. The procedure is summarized in Algorithm 1.

Our double-enhancement procedure is motivated by a row-enhancement design in Hamidi et al.
(2019). However, our matching context differs from their problem in two aspects. First, we consider
a matrix completion problem, where our observation operator in (2.5) only reveals entry-wise
information of matching rewards. In contrast, Hamidi et al. (2019) consider a matrix factorization
problem for contextual bandits; their observation operator reveals information induced by Gaussian
contexts and thus provides more information than ours. Second, they only provide row-wise error
controls, while we need an entry-wise error guarantee, which is much harder than obtaining row-wise
or Frobenius norm error bounds (Chen et al. 2020). Typically, the standard analytical techniques
quantify the uncertainty of the matrix estimates as a whole in Frobenius norm, such as our bound
in our Theorem 1. This motivates us to design a new analytical approach to sharpen the entry-wise
estimation through carefully characterizing and enhancing the estimated row and column spaces
of the matrix.

Particularly, our double-enhancement procedure achieves this goal through the following steps

based on the nuclear norm regularized estimates. First, we split the whole n matchings into two

® Analogous to Footnote 4, the rate is adjusted according to our sample size of nN and our assumption |||« < 1.
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Algorithm 1 Double-Enhancement
Inputs: A

Set ny = [n/2], i =[], To = [n]\ [n4]
Calculate © in (3.1) using the data {(X,Y,") |t € J,i € [N]}
Compute the SVD © = UDVT
for i € [N] do
Set R, ={(X},Y\") |t € T}

Compute j3; = arg min, cp; { oo (y— X(i")\Afv)Q}
(X, y)eR;

end for
for each j € [K] do
Set C; = {(X1,Y, ") [t € Ta,i € [N], jie(d) = j}
Compute a; = argmin, { > (y— ﬁTX("j)’YT)Q}
(X,y)€C;
end for
- o aT o~ e ~ 4T
Let U= 3, B, -+ By , V=[G @ -+ ax]
Compute the SVD U= U;D;Q,
Compute © =U,D, V'

Outputs: e)

subsets J; and J,, where we estimate a nuclear norm regularized estimator © via (3.1) using the
samples in J;. Next, we refine the estimation of the row and column spaces of @* alternatively
using the remaining samples in J5. Let ©@* = U*D*V*T be the singular value decomposition (SVD)
of the true matrix ®* with U* and V* being two orthogonal matrices; then, the row and column
spaces of @* refer to the subspace spanned by the columns of V* and columns of U* respectively.
Note that our matching model (2.4)

VY = (Xi,0%) +ef) = (Xj"), @) 4l =XV (U D) T el (4.1)

features parameters

can be represented by a standard linear regression model, where Xi(i")V* is the feature vector
and U*@)D* is the unknown parameter vector. Since we have no direct access to V* in the
feature vector, we approximate it with the orthogonal matrix V from the SVD of the estimator
® =UDV". Now, we can enhance (i.e., first enhancement) the row space of the nuclear norm

*

regularized estimate © by estimating U*(-)D* using linear regression; the corresponding least
square estimate U enjoys a tighter row-wise guarantee in £, o, norm, i.e., [|[U — U*D*||5.o & 1O —
®©*||r/v N. Similarly, we can also enhance (i.e., second enhancement) the column space with an

estimate V that satisfies [|[V — V*D* || &~ |© — ©*||z/vK. Finally, our enhanced estimator ©
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is built upon U and {7, obtained through our double-enhancement procedure. The specific design
of © allows us to obtain an entry-wise error bound through the row-wise bounds of U and \7,
considering that [[AB T ||oo < [|A|l2.00 - [|Bl|2.0 for any matrices A, B. In the next section, we provide
a theoretical guarantee on the entry-wise error bound for (:); we will show that the entry-wise error

bound scales as 1/v/NK of the Frobenius norm error ||© — || provided in Theorem 1.

4.2. Entry-Wise Estimation Error Bound
Our entry-wise estimation error bound of the enhanced estimator (:j, introduced in Section 4.1,
holds under a standard spikiness condition in the matrix completion literature (Negahban and

Wainwright 2012, Hamidi and Bayati 2022).

AssuMPTION 1 (Spikiness). There exists a constant n>1 such that
VNE(|©" | _
1@l ~
Intuitively, the spikiness condition excludes matrices with overly large values in a few entries.
If an unknown matrix is spiky, i.e., it has a few entries with extremely large values, then we
cannot accurately estimate all matrix entries using matrix completion without observing all the
entries (Candes and Plan 2010, Negahban and Wainwright 2012, Hamidi and Bayati 2022). For
example, consider a matrix @* with @*(1')) =1 and other entries 0. This matrix does not satisfy
our assumption since vV NK||®*|»/||@*||z = V' NK, which cannot be bounded by a constant. Note
that it is impossible to recover the entry ®*(Y) and hence maintain small entry-wise error without
observing rewards from this entry. In other words, the spikiness condition ensures the entry-wise
identifiability of the matrix given any random data samples.
REMARK 2. The spikiness condition is related to another popular incoherence condition (Candes
and Recht 2008, Candes and Plan 2010, Chen et al. 2020), defined as

VT VT

r
U* oo< AT V* oo< R
[0 e S H5F s IV o <10

for some constant y in our setting, where U* and V* are from the SVD ©* = U*D*V* . Intuitively,
the incoherence condition implies that all rows of U* and V* are of similar scales, and thus prevents
O* from being spiky. We note that our results still hold under the incoherence condition.

Next, we state the following result of an entry-wise error bound of the enhanced estimator e)

under the spikiness assumption.

THEOREM 3. Suppose n = Q (max{(r'K)/N,(K/N)2}). The enhanced estimator © in Algo-

~ ~ K
O—0 =01/ —
I oo =0 (r Nn) ,

rithm 1 satisfies
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with probability at least 1 — (3N +3K +5) exp(—a) for any a > 0, where A = c\(a+1og(N + K))/v/n

for some positive constant cy.

The proof is provided in Appendix C. According to Theorem 3, the entry-wise estimation error
|© — ©* || for the enhanced estimator © in our setting is of order O(r2y/K/(nN)). In comparison,
the nuclear norm regularized estimator © has no entry-wise guarantee other than a trivial one using
Theorem 1, ic., [|® — O] < ||© — ©*|» = O(rK/y/n). Thus, our double-enhancement design
saves us a significant factor of vV NK /r (< 1) in the entry-wise error control. As aforementioned
in Section 1.1, some existing literature, such as Chen et al. (2020, 2021), have also derived an
entry-wise error bound. However, their approach exploits the unique property of the independent
sampling scheme, and thus does not apply to our setting with sampling interference. Our double-
enhancement procedure in Algorithm 1 might be of independent interest; it can be readily applied
to enhance existing estimators and obtain entry-wise guarantees in broader sampling schemes,
including the independent sampling scheme in Chen et al. (2020, 2021).

REMARK 3. We note that our entry-wise error bound in Theorem 3 also matches its minimax
lower bound up to logarithmic terms and insignificant factors. The proof of an entry-wise minimax

risk is similar to that of our Theorem 2.

5. Online Learning in the Matching Market

In this section, we extend our offline matrix completion approach to the online learning setting,
where a centralized platform needs to learn from adaptively collected data and make sequential
matching decisions with no prior information. We discuss both the optimal matching (Section 5.1)
and the stable matching (Section 5.2). We propose two algorithms respectively that speed up the
learning process by reducing exploration cost, which can be especially useful under short horizons

and in large matching markets.

5.1. Online Optimal Matching
We first discuss an online optimal matching problem, which is usually formulated as a combinatorial
semi-bandit problem in the literature (Gai et al. 2010, Chen et al. 2013, Kveton et al. 2015).
Problem Formulation. Analogous to our offline setting in Section 2.1, we consider a two-sided
matching platform with N worker types and K job types, and ©* € RV*¥ represents their reward
matrix. In each step ¢ of a time horizon T, the platform chooses a matching (an arm) m; = X; from
the set of all matchings M (defined in (2.1)) based on all historical information, and receives noisy
rewards Y; from all N matched pairs (defined in (2.4)). We want to learn the unknown reward
matrix ®@* and maximize the total expected reward in each matching. We compare our policy 7

to an optimal matching X* that obtains the maximum total reward among all matchings, i.e.,
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X* =argmaxy, (X, ©%)5. Our goal is to learn a policy 7 to minimize the cumulative regret over
time

R =3 (X707 - (X,07). (5.)

t=1

where (X*,©*) — (X, ®*) is the regret at time t.

Algorithm Design. We propose a Combinatorial Low-Rank Bandit (CombLRB) algorithm in
Algorithm 2 for the online optimal matching problem. CombLRB exploits the low-rank structure
of the reward matrix ®* to accelerate reward learning in the exploration phase; it incorporates the
nuclear norm regularization approach formulated in Section 3.1. Our algorithm has a two-stage
design of exploration and exploitation. First, it explores for Fj, time periods in the early stage.
For each t € [E}], it draws a matching X, following the uniform distribution II over M (defined in
Section 2.1). Then, at the end of the exploration, we calculate a nuclear norm regularized estimator
© based on the data we have collected in the exploration phase, i.e., {(X!,Y,")) |t € [E4],i € [N]}.
Our algorithm identifies a matching X, € M that maximizes the total reward using Oasa surrogate
for ®*, ie., X, = argmaxy <X,@> Finally, our algorithm commits to the matching X, and

keeps playing this arm for the remaining time periods.

Algorithm 2 Combinatorial Low-Rank Bandit (CombLRB)
Inputs: F,, A

for t € [E,] do

Choose matching 7m; = X; ~ I
Observe rewards ;') = (X1, ©*) +&”) for all i € [N]
end for
Calculate © in (3.1) using the data {(X:,Y,") |t € [E,],i € [N]}
Compute X, = arg maxy. (X, (:))
for t € [T]\ [E.] do
Choose matching 7, = X,

end for

Our next theorem provides a regret upper bound on our CombLRB Algorithm in the online

optimal matching setting.

THEOREM 4. The regret of CombLRB in Algorithm 2 has
E[R(T)] = O (r(N + K)T*?),

6 Given ®*, X* can be efficiently calculated by many well-established algorithms such as Hungarian algorithm (Kuhn
1955) and Munkres algorithm (Munkres 1957).
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where Ey, = O(rT?/3) and A\ = cxolog(N(N + K)T)//E,, for some positive constant cy.

We provide a proof in Appendix D. We compare the regret bound of our approach with that
of a state-of-the-art CUCB algorithm Kveton et al. (2015). CUCB builds on the upper confidence
bound insight from the bandit literature and estimates each matrix entry using its sample average
individually. In other words, CUCB does not exploit the low-rank structure of the rewards and thus
cannot gain efficiency through information sharing as we do. This approach yields a regret upper
bound of O(v/N2KT). In contrast, our CombLRB algorithm achieves an improved regret bound for
short time horizon T or large market with large values of N and K. Specifically, when T'= O(K?),
our bound is strictly better than that of CUCB since we obtain a favorable dependency on the
matrix dimensions N and K. Indeed, the low-rankness of the reward matrix facilitates the reward
learning and hence the matching decisions through only few explorations. It can be especially
helpful for short horizons or high-dimensional contexts, when reward learning is very costly.

It is also worth noting that our algorithm can run for any extremely short time horizon T'< K
as well, while CUCB requires at least K initial random matchings for exploration and only works

for relatively long time horizons.

5.2. Online Stable Matching
Next, we discuss an online stable matching problem; our problem setting is the same as that
formulated by Liu et al. (2020).

Problem Formulation. Consider a two-sided platform with N worker types and K job types.
Unlike all previous settings, now the matrix ©* represents the rewards of the worker side, which
further implies the worker preference rankings over jobs. Particularly, its (4, 7)*® entry ©@*(%7) denotes
the reward received by a worker of type ¢ if they are matched with a job of type j. Then, the
preference ranking of worker type i over the K job types is determined by the i*® row of @*; that
is, they prefer a job of type j over j' if @) > ©*(4), We encode the job side preferences in
columns of another matrix ®* € R¥*X, The platform initially does not know the worker rewards
(i.e., ®*), hence has to learn their preferences online, whereas job preferences (i.e., ®*) are known
in advance.

At each time t of a time horizon T, the platform chooses a matching m, = X; € M and observes
the noisy rewards Y; received by the N worker types formulated by (2.4). We want to learn
the unknown matrix ®* of worker preferences and find the worker-optimal stable matching X*;
particularly, X* is the stable matching returned by the Gale-Shapley (GS) Algorithm (Gale and
Shapley 1962) when the workers are the proposing side. We note that X* is optimal among all



25

stable matchings S (C M) for all worker types (Knuth 1997), i.e., (X* 0©*) > (X!, ©*),VX €S
with X* defined in (2.2). We design a policy 7 to minimize the worker-optimal stable regret

T
R(T) =Y (X, 07— (X;,0"), (5:2)

t=1

for every worker i € [N], where (X**, ©®*) — (X! ©*) is the regret for workers of type i at time ¢.
Algorithm Design. We develope a Competing Low-Rank Bandit (CompLRB) algorithm as in
Algorithm 3. The design of CompLRB closely follows our CombLRB algorithm for online optimal
matching but with two distinctions. Note that the regret (5.2) captures the entry-wise value dif-
ference of ®*, and thus can be bounded more tightly using the enhanced estimator © from our
double-enhancement procedure in Section 4.1. Additionally, since our goal is to find an optimal
policy among stable matchings, our algorithm identifies a worker-optimal stable matching X, using

GS algorithm based on © and ®*.

Algorithm 3 Competing Low-Rank Bandit (CompLRB)
Input: E,, A\, &*

for t € [E,] do

Choose matching 7, = X; ~ I

Observe rewards Y, = (X!, ©*) 4\ for all i € [N]
end for
Calculate © in Algorithm 1 using the data {(X:,Y,")) |t € [E,],i € [N]}
Compute a stable matching X, via GS algorithm with inputs © and ®*
for t € [T]\ [E.] do

Choose matching 7; = X,

end for

We state the regret upper bound of our CompLRB algorithm for online stable matching as follows.

THEOREM 5. Let Ay = mingey{min;, @) — @*(i’j/)\}. Then, the regret of CompLRB in

Algorithm 8 for worker type i has

E[R,(T)] = O <T3Kmax{log2[(]\7+K)T],rlog[(N—l—K)T]}) ’

NA2

min

where By, = O (r3Kmax{1og2[(N+K)T],rlog[(N+K)T]}) and ) = cyolog [(N + K)(3N + 3K + 5)T}/ /'E,

NAZ .
min

for some positive constant cy.
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We provide a proof in Appendix E. In comparison, Liu et al. (2020) provide an upper bound
of O(Klog(NT)/AZ2, ) for any worker type i € [N]. Our regret bound improves upon that in Liu
et al. (2020) in the matrix dimensions N and K by a factor of at least N/r* up to logarithmic terms
(recall that N > r). Specifically, our algorithm exploits the tightness of the enhanced low-rank esti-
mator on entry-wise errors, and achieves an improved performance through reduced explorations.
Instead, the algorithm in Liu et al. (2020) estimates every entry of @* using a naive sample average
estimate. Our theoretical result shows that CompLRB can be very useful for large markets with
many participants, i.e., large N and K.

REMARK 4. In practice, the job side preferences, i.e., ®*, might be unknown to the matching

platform as well. Then, we need to learn both matrices ®* and ®* online. Our algorithm can be

easily adapted to this setting, and will result in a regret bound of the same scale as in Theorem 5.

6. Experiments
We now demonstrate the practical relevance and effectiveness of our proposed approaches in both
offline and online settings using synthetic data and real data of labor market.

In the offline setting, we compare the following methods: (i) Low Rank: the nuclear norm regular-
ization approach we propose, and (ii) Naive: an entry-wise sample-average estimator. In the online
setting, we compare the following online optimal matching algorithms: (i) CombLRB: combinatorial
low-rank bandit algorithm we propose, (ii) CUCB: combinatorial upper confidence bound algo-
rithm developed by (Chen et al. 2013), and (iii) CTS: combinatorial thompson sampling proposed
by (Wang and Chen 2018). For online stable matching, we compare the following algorithms: (i)
CompLRB: competing low-rank bandit algorithm we propose, and (ii) CompB: competing bandit
algorithm proposed by Liu et al. (2020).

6.1. Synthetic Data

Offline Matching Data. We synthetically generate the matching reward matrix ®*, and the
details are provided in Appendix G.1. Figure 3 shows the relative estimation errors of learning
the matching reward matrix ®* in Frobenius norm and entry-wise norm respectively. The relative
estimation error of a specified norm is equal to the estimation error of the matrix in that norm
divided by the specified norm of the ground-truth matrix @*.

We find that our proposed estimator Low-Rank substantially outperforms the benchmarks in
both Frobenius norm and infinity norm. The entry-wise sample-average estimator Naive takes the
entry-wise empirical mean as estimates for observed entries, and the average of observations from
the same row for unobserved entries. Thus, Naive does not fully utilize the low-rank structure of the
reward matrix, and might introduce additional bias for unobserved entries. Instead, our approach

captures the low-rank structure of ®* efficiently, and thus delivers much smaller estimation errors
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through shared information across entries. Our results are consistent over varying matching sample
size n. Matching our theory, the estimation error of Low-Rank decreases with increasing sample
size; in contrast, Naive converges slowly due to insufficient samples entry-wise and potential bias

for unobserved entries.

—=0.35 —~0.5
5 E
=0.30 2
= 204
8025 = £ =
3 £
& =03
go.zo - 5 it .
£ - i} =
w015 - - 202 =
é 0.10 = |ow-Rank % = |ow-Rank
< U ) o .
@ Naive 0.1 Naive
0.05
20 40 60 80 100 20 40 60 80 100
Sample Size Sample Size
(a) Frobenius Norm Error (|| - ||r) (b) Entry-Wise Error (]| - ||oo)

Figure 3 Relative estimation errors of the matching reward matrix ®* in Frobenius norm (left) and infinity
norm (right) averaged over 50 trials. Error bars represent 95% confidence intervals. We consider N =100 worker
types, K =100 job types, and the matrix rank r = 3. Sample size on the x-axis refers to the number of matchings

n. ‘Low-Rank’ represents our nuclear norm regularization approach.

Online Matching Algorithms. Figure 4 compares the cumulative regrets over varying time
horizon T for optimal matching (Figure 4a) and stable matching (Figure 4b) respectively. Appendix
G.1 provides more details.

Similar to the offline setting, we find in Figure 4a that our low-rank approach CombLRB signifi-
cantly outperforms other benchmarks for optimal matching. CUCB and CTS are based on the ideas
of upper confidence bound and Thompson sampling; they do not exploit the low-rank structure but
instead learn the true reward of each arm individually. Thus, these algorithms cannot efficiently
learn and identify the optimal matching given relatively short time horizons.

Figure 4b similarly shows that our algorithm CompLRB achieves much smaller cumulative regret
for stable matching over other benchmarks. Note that here we consider the worst-case scenario with
“maximum regret” — i.e., we compare the maximum of the N per-worker cumulative regrets for
different algorithms. Since our algorithm has better performance in maximum regret, our algorithm
also obtains a significant improvement over other benchmarks in total cumulative regrets of all
workers in the market. As expected, our CompLRB obtains such an improvement through leveraging
the underlying low-rank structure of the worker reward matrix, compared to CompB, which uses

sample average to estimate the worker rewards and hence worker preferences.
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Figure 4  Regret for optimal matching (left) and maximum per-worker regret for stable matching (right)
averaged over 50 trials. Error bars represent 95% confidence intervals. We consider N = 100 worker types,
K =100 job types, and the matrix rank r = 3. ‘CombLRB’ and ‘CompLRB’ represent our combinatorial low-rank

bandit algorithm and competing low-rank bandit algorithm respectively.

In summary, the empirical results obtained from synthetic experiments align with our theory,
given the low-rank nature of the true reward matrix. Next, we further explore the robustness of

our algorithms on a real data, where the low-rank assumption might not hold.

6.2. Real Data of Labor Market

We further evaluate the real-world performance of all our approaches on one of the largest workforce
dataset provided by Revelio Lab”, which collects matching information for a diverse set of job
and candidate profiles. We use a subset of the individual-level data of employment duration of
mid-level software engineers in the United States from 2010 to 2015. In this experiment, we cluster
the engineers (i.e., the workers) and companies (i.e., the jobs) into 50 groups respectively, i.e.,
N = K =50. Then, we create the true reward matrix ®*, where the value of each entry takes
the average of an indicator of whether an employment exceeds six months over all workers who
belong to the corresponding worker and job group. That is, the (i, ;)™ entry ®*(9) represents the
probability of a worker employment from group ¢ lasting long than six months in a company from
group j. Intuitively, we measure the matching reward by the worker satisfaction; the higher the
probability is, the more satisfied the worker is with the corresponding company.

It is worth noting that, in this real-world setting, our reward matrix might not satisfy the low-
rank assumption, which is different from our synthetic experiments with low-rankness imposed.
The details of data pre-processing and experimental setup are provided in Appendix G.2.

Offline Matching Data. Figure 5 presents the results of an offline reward learning experiment

on our real data of labor market. The results again exhibit the superb performance of our low-rank

"See https://wrds-www.wharton.upenn.edu/pages/about/data-vendors/revelio-labs/.
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matrix completion approach, similar to our synthetic experiments. Notably, our approach improves
upon the best benchmark in the Frobenius norm and entry-wise norm by 44% and 43% respectively
on average across all different sample sizes. Basically, our approach can learn the worker satisfaction

with only few samples, and thus gain early insights into a company’s employment condition.
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Figure 5 Relative estimation errors of the matching reward matrix ®* in Frobenius norm (left) and infinity
norm (right) averaged over 50 trials. Error bars represent 95% confidence intervals. We consider N =50 worker
types, and K =50 job types. Sample size on the x-axis refers to the number of matchings n. ‘Low-Rank’

represents our nuclear norm regularization approach.

Online Matching Algorithms. We also aim to learn the matching decisions directly in an
online manner through our matrix completion approach. Note that the total number of rewards
(i.e., N x K =2500) to learn is much larger than the time horizon T considered in our experiments;
that is, we have relatively short time horizons and large matching markets.

The results are presented in Figure 6. Figure 6a shows that, even when the reward matrix might
not be low-rank, our CombLRB algorithm outperforms other two benchmark algorithms CUCB and
CTS over varying time horizons for online optimal matching. Specifically, CombLRB improves on
the regret by 41% compared to the best performing CTS among the benchmarks. Figure 6b further
confirms the efficiency of using low-rank matrix completion in the online stable matching setting.
Our algorithm CompLRB beats the benchmark algorithm by 36% on average across all different

time horizons.

7. Conclusion
In this paper, we focus on efficiently learning matching qualities from a small amount of offline
matching data for large-scale centralized matching platforms. Motivated by the natural low-rank

matrix structure of two-sided markets, we utilize a matrix completion approach via nuclear norm
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Figure 6  Regret for optimal matching (left) and maximum per-worker regret for stable matching (right)
averaged over 50 trials. Error bars represent 95% confidence intervals. We consider N = 50 worker types, and
K =50 job types. ‘CombLRB’ and ‘CompLRB’ represent our combinatorial low-rank bandit algorithm and

competing low-rank bandit algorithm respectively.

regularization to estimate the matching rewards efficiently. To the best of our knowledge, we pro-
pose the first matrix completion framework to address a reward learning problem in the matching
setting. Our matching problem involves a challenging dependent sampling scheme due to matching
interference; we develop a new proof strategy based on a linearization trick and establish a near-
optimal error bound in Frobenius norm. Furthermore, we propose a novel double-enhancement pro-
cedure that refines entry-wise estimation atop the nuclear norm regularized estimates and ensures
an entry-wise guarantee. In the online setting, we propose two algorithms CombLRB and CompLRB
to efficiently learn optimal matching and stable matching policies respectively, thereby improving
regret bounds in the matrix dimensions. Finally, our empirical experiments show that our matrix
completion approach can indeed boost both offline reward learning and online decision making in
the matching problems. Both our theoretical and empirical findings underscore the importance of

adopting matrix completion methods in matching markets.
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Appendix A: Proof of Theorem 1
A.1. Major Steps of the Proof
Our proof strategy is adapted from the three steps in the proof of Theorem 2 in Athey et al. (2021) (see
Remark 6.4 of Athey et al. (2021) for more details). We summarize our three steps in Lemma A.1, Lemma
A.2 and Proposition 1 (stated in Section 3.2) respectively. For simplicity, we define A = @* — (:)7 and let
e=3", Zi\;1 5§i)Xi-

The operator norm of the noise matrix € indicates the “scale” of the noises; the larger the operator norm,
the higher the noise level. Lemma A.1 upper bounds the error “collected” by X; for deterministic €. As long
as the regularized hyperparameter A take a sufficiently large value, the error collected by X; can be upper

bounded with respect to the corresponding error term’s Frobenius norm.
LEMMA A.1. For any A > 3||€|,p/n, we have

n N i
> N (XiA)?
t=1 Z'L:nl< t) > §4A\/FHA||F

Next, Lemma A.2 provides a probabilistic bound on the operator norm of the noise matrix €. In other
words, the condition A > 3||€||op/n in Lemma A.1 holds with high probability, given our choice of A in
Theorem 1. Similar to Proposition 1, the key challenge of Lemma A.2 lies in the dependent structure of the

observational data.

LEMMA A.2. Suppose \/n >max{a,log(NKn?)}. Then, there exists a constant c¢; such that
[€]lop < c10(a+1log(N + K))v/n
with probability greater than 1 —3exp(—a) for any a> 0.

As summarized before, our last step will be the RSC condition previously mentioned in Proposition 1.

With these three steps, we are now ready to prove Theorem 1.

A.2. Proof of Theorem 1

Proof of Theorem 1. By the constraint in (3.1), the rank of © is less than or equal to r. Since rank(®*) <
r, it is straightforward to see that rank(A) < 2r.

First note that if |A[|% < coNKa/n, then our argument goes. Otherwise, since [|A|72 ) = [|A[F/K >
coNa/n, by the definition of the set C,(2r) in Proposition 1, we have 1A € C,(2r). Then we can apply

Proposition 1 and have with probability greater than 1 —exp(—«) that,

n N 2
1 1 1 2K log[(N + K
SN (XL sAY s e ||sA —63<T ogl(N + )"]). (A1)
ni1is 2 2 L2(1I) n
emima .4 ana our cnoice o = C)\0O———=—" wlhere ¢y 1S large enou , We nhave 2 op/ M NO1dS
By L A.2 and hoice of stV wh is larg gh, we have A > 3||€||op/n hold

with probability greater than 1 — 3exp(—a). Then by Lemma A.1l, we have

%Zn: ZN:<X§aA>2 < Ay = Vet log(N + K))

1A]lF (A.2)
t=1 i=1 \/’E
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with probability higher than 1 —3exp(—a). By combining (A.1) and (A.2), we obtain with probability greater
than 1 —4exp(—«) that,

rzKlog[(N+K)n]> < darayr(atlog(N + K)) PN (A.3)

cxl Al ~ s < =

n

On the RHS, the basic inequality yields that

4exo/r(a+1log(N + K))
\/ﬁ

2
2 ,  8Kcio?r(a+log(N +K))

Allr<—|A .

NPT\ i

On the LHS, we have

A7) =E

S wi avz| Al
Z<X“A>]_K'

=1

Plugging the above into (A.3), we have

r?K log[(N + K)n] A% r? K log[(N + K)n]
" ) I S ( )

NN (

n

- C—2||A||2 N 8Kc§02r(a+log(N—|—K))2
2K F cam '

Rearranging the above inequality gives us

i

2 Kc2o? log(N + K))*
QC;IIMQF@LC?,(T Klog[(N+K)”]>+8 Ao?r(a+log(N + K))

n cam
thus
NS 8c3r? K?log[(N + K)n] N 16K2c§02r(a+10g(]v+[())2
" Cam c2n ’
So (A.3) implies that
|A[|F \/W Klog[(N + K)n]
- < e .
VNE S| o et loeN IO Nn , (A4)

where ¢4 is a universal constant that depends on ¢y and c¢3. Since (A.3) holds with probability greater than
1 —4exp(—a), our argument goes. O
A.3. Proof of Lemma A.1l

Proof of Lemma A.1. By (3.1) we have

N 5 5 <1y . .
—2 Y= X (O) P+ O] < — 3 [V = X(©) 2 + O],
t=1 t=1

which implies

1 < ~ 1 & . . ~
=B AR AC R B AR A(CHIREPV U (A.5)
t=1

t=1

By the definition of X;, we have

~

Y= X,(0) =Y, — X,(0) + X,(0) — X,(O)
=Y, - X,(0") + X(A).
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Then
1 Sz L - *\ (12
DI AC) = B M AR ACH]
t=1 t=1

1 — 1 —
=D Y= X(07) + X (A =~ |[Yi — X(©7)]°

t=1 t=1
2 n
=E;<Yt—xt(®* ant 2.

By (2.4), we have
—X(0") = [eil) e ... E,EN):| .

Then by the definition of the noise matrix €,

n

D Y= X,(07), X, (A)) =

t=1 t

e (Xi,A)

M=
WE

.
Il

1 1

(eXE, A)

-
M=

t

14

n

1

zN: X A > = (€, A).

t=1 i=1

/\

Plugging the above into (A.5) yields that

fzyt X,(© Zn/n == le?@ )II®
ZZ )? <7l ~ A

t 1:i=1
where the second equality is given by the definition of X;. Then by A > 3||€||,,/n, the above inequality gives

AL A
—> > (X,A)

t=11i=1

2 . .
A& A) +A[O7|L —AIO]].

2
< A€oy + ML
5
< AA]. (A.6)

In Section A.2 we have shown that rank(A) < 2r. Then we can derive the following inequality: [|A[. <
V2r||A||F. By substituting this inequality into the previous inequality (A.6), we obtain:

n N
S XL AP < VA,
iD=
Since A =0O* — @, our argument goes. [J
A.4. Proof of Lemma A.2

Proof of Lemma A.2. TFor every t € [n], define

N
B, =) &'X;.
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Thus we have €=3"" B, E[B,] =0, and each B, is independent. Let ¢ = a\/2 log (NKn) + 2a. For each
t € [n] and i € [N] define the truncation of £{” as £" = £ 1{|{"| < 9}. Also define

B~ Y X
=1

Notice that for any v > 0,

P[|[€]lop > +9] = [HZBt op>7+19}
SP[H;Bt OpZ'y} +P[QQ{|5§“|>?9}} (A7)

(2)

Since g; are o-subgaussian noises (defined in Definition 1), we have

IP’[U U{|EEZ)| >19}} <ZZP e Z)|>19 <Nn- 2exp<;;92> =2exp(—a) - K ' <2exp(—a). (A.8)

t=1i=1 t=1 i=1

Next, we provide an upper bound for P {H Yo B,
op

> 7] . For each ¢ € [n], define

N
G,=B,- Y E["X
=1

Then
= Z (Gt+ZE X;)
LT

t=1 t=1 i=1

+| ZZ]E[E,E X
op t=1 i=1

. +FH§:ZE

t=1 t=1 1=1

n
|>B.
t=1 op

op

IA
(= |
53

IA
(]
8

IA
(]
P

(A.9)

=hg =hq

For the term h; on the RHS, we have

hy = ﬁHZZE X

<\ﬁZHZE
<VNKn max \E[ag)ﬂ

i€[N],t€[n]

Since E[e{”] =0, we have for any ¢ € [n],i € [N]
B3] = [E[ei10e”] < )] | = [E [0 10) >?9}H
< \/E )21 (|| > 9]

< \/202 exp [ - 192/(202)]
_ V20exp(—a/2) _ V20
- V/NEKn ~ VNKn
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where the last inequality is given by a > 0. Thus

hy <VNKn max [E[£"] <V20. (A.10)

i€[N],te[n]

Now we will bound the term ho via matrix Berstein inequality. First, we provide an upper bound for ||G¢||op

J

and . .
agzmax{HlE[ZGth] E[> G/G
t=1 t=1

We have the following lemma which is proved at the end of this subsection:

)
op

LEMMA A.3. We have

I1Gllop < 29,Vt € [n], and J%—maX{HE[ZGtG:]
t=1

E[zn: GZGJ } < no?.
t=1 op

Due to the special dependent structure we have under the matching sampling scheme, this crucial lemma

’
op

sets us apart from Lemma 2 in Athey et al. (2021), where their 0% is of order O(nv/K) given their dependent
structure.

Given Lemma A.3, we can bound hg via Lemma F.1. By Lemma F.1, for any v > 0,

Pliuzs] <2l| e, 2] < ovs oo (i)
<+ K)o { gyl

By choosing

'yzmax{Qa\/ﬁ\/a—l—log(N—i—K),?(a—&—log(N—i—K))},

we have
_72 _V?Q — 772
N4 K00 (g iy =V o g s )
—2no?(a+log(N + K)) — M%(a+10g(N+K))
< (N +K)exp { 2no® + (497)/3 }
=(N+ K)exp(—a—log(N + K))
=exp(—a).
Since
%(a+log(N+K)) = S\fg (a+1og(N + K)) (a+1log(NKn))

<50 (a+log(N + K)) (a+1log(NKn)),
we can choose
v =50 (a+log(N + K)) (vVn+a+log(NKn?)),
which yields that

P [ho > 5a(a+log(N+K)) (\/ﬁ—l—a—&-log(Nan))] <exp(—a).
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Combining with (A.9) and hy <+/20 in (A.10) gives us

n
|>B
t=1 op

<P[ho>50(a+log(N+K)) (Vn+a+log(NKn?))| <exp(—a).

> 50 (a+log(N + K)) (Vn+a+log(NKn?)) + V20

By (A.7) and (A.8), we have that, with probability larger than 1 — 3exp(—a),

[€]lop < 5o (e +1og(N + K)) (Vn+ a+log(NKn?)) + \/§U+a\/2log (NKn) +2a
<80 (a+log(N + K)) (vVn+a+log(NKn?))
<240 (a+log(N + K))v/n

where the last inequality is given by /n > max{a,log(N Kn?)}, which completes the proof. [

Proof of Lemma A.3 Given any t € [n], we can write G; as
G, =B, - EEX{=) "X,
i=1 i=1
where 20" =" — E[éﬁi)}. We first bound ||G¢||op- By the definition of £ and that £\ are independent with
Xi, we have

< max |F|
op ke€n]

N
1Gello = || DX
i=1

N N
‘in < 219H 3 ox;
i=1 i=1 op

We can then treat vazl X% as a binary matrix obtained by permuting the columns of a binary diagonal

op

matrix in RV > ¥ Since the norm of a matrix does not depend on the column order, we have H Ei\il X =1
op
and thus ||G¢[lop < 2¢. By an analogous argument, we can also bound o%. We have
N N
GG/ =) > &a XX
i=1 k=1
Notice that for any i # k, we have X!X*T = 0. Additionally, for any realization of X;, we have
ZXZXZT Ze’t jt('L) )ejt(i) (K)EI(N)
=1 =1
N
=) ei(N)e] (N)
i=1
Thus
doxixT| =1, (A.11)
, o
and
N
XX =1 (A.12)
, o
Then

N N N
GG/ =) Y &'aVXiXiT =3 (") XiX|"

i=1 k=1 i=1
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and

E[|IG:G/ [lop] =

e[| x|
< max {E[E")?)}E [H yoxixi"

1€[N]
op]

<o’E M 3T

i=1
<o

where the first inequality is due to that éf) and X! are independent with each other, the second inequality

is given by E[(2{")2] <E[(£{")?] <E[(¢{”)?) < 0®. Similarly we have E [|G] G¢|op] < o2, Thus,

-

0% < nmax(E[|GiG] o). BlIG/ Gelly} <no®. O
A.5. Proof of Proposition 1
Proof of Proposition 1. Recall that, for any t € [n],
N
X, =) Xi. (A.13)
i=1

We will prove Proposition 1 by a standard peeling argument. Let

ZZ X A = Al |

t:l 1=1

we = sup
AEC,(r,¢)

where

Co(r,¢)= {A €Cu(r)

s <Al <c}.
First notice that

DD XLA) =) (X, AcA), (A.14)

t=1i=1 t=1
Then by Lemma F.2, we have

P {wc > 2E[we] + ;ﬂ <exp <_2§8CN> (A.15)
since

Calr. Q) {A€Calr) | 1A 2y <}

Now we provide an upper bound for Efw,]. For t € [n], let & be independent Rademacher random variables.

|

By the symmetrization inequality,

Elw¢] =

ZZ X3 A)? —[|AlLam

AEC(T 9} K

pID th Z: Xi A )}

AEC(’F on

IN

=2E| sup &(Xy, Ao A}
LAaec(r,e) T Z P >
=2E| sup <ER7AOA>],
LAEeC(r,Q)
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where Xp =237  &X,. Notice that Lemma F.3 gives rank(A o A) <72, and thus we have [[Ao A, <
Vrank(A o A)||Allp < V72 ||A|p. In addition, since ||Allo < 1, we have |A o Al|p < ||A|#. Then it holds
that

]E[ sup (ER,A0A>]§ sup  [[AoA|LE[||XZr]op)

AcC(r,) AeC(r,Q)
< sup Vr2|Ao Al FE[Zxlop)
AEC(r,C)
< sup VP2 A[FE |2k ]op)
AccC(r,)

=7/ KAz E 1 ZRllop]
<V KCE[[Zr|op]

< 4K (B[ Sallop) + 2

T63
where the first inequality is given by the duality between nuclear norm and operator norm (i.e., (P, Q)| <

Pl 1Qllop, VP, Q € RV*E). Plugging the above into (A.15) gives us
11¢ —n(
2 2
— | < — . .
P |uwe > 40K (E[IZrlo) + 55 | <o (550 ) (A.16)

Lemma A.4 shows that
6+/10g[(N + K)n|

E[HERHOP] < \/ﬁ )

and thus
14472 K log[(N + K)n]

42K [E[||Zrlop]]” < ,

(A.17)

Now set
14472 K log[(N + K)n]

n

and define the bad event

B= {HA €Cu(r) s.t.

n N
1 1
EZZ<X“A>2 - ||A||%2(n) 2 24HA||L2(H) JF@}

Notice that if event B holds with small probability, then our argument goes. For any [ € N*, define

576N ;
B, = {EIAéC(r, " l) ZZ XA HA”LZ(H) =2 24||A||L2(H) "‘90}

t 14i=1
According to (A.16) and (A.17), we have

P[B)] <exp (—2a-2').

Note that B C |J;2, B, which implies

B]gZP[Bl]SZexp(—Qa-Q Zexp —2a-1) _mgexp(—a). O

LEMMA A.4. For any t € [n], let & be i.i.d. Rademacher random variables and let

1 n
R=— Z §e Xy
"=
where Xy satisfies (A.13). Then we have

64/log[(N + K)n|

E[”ERHOP] < \/ﬁ
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Proof of Lemma A.4 Our proof techniques rely on the concentration inequality for matrix Rademacher
series in Lemma F.4. Thus we need to first calculate the value of ¢2. Our approach is similar to the argument

in the proof of Lemma A.3. First note that

N N
Sy x| =

i=1j=1

XX, =

N
o
i=1

op op

since XiXJ" =0,Vi # j. By (A.11) we have

n
ZXtX;r gn-maXHXtX:HOp:n.
te[n]
t=1 op

Similarly by (A.12) we have

n
ZX:Xt <n-max || X, X |lop = 7.
ten]
t=1 op

By applying Lemma F.4 with 0% =n, we have

e

Set p=y/2nlog[(N + K)n3/2] and we obtain
e[| 3zex
t=1

We also have that H Yo, EtXtHOP <n almost surely. Therefore, we have

2

> p] < (N+K)exp ("’) Vp > 0.
op 2n

= p3/2’
op

> \/2nlog[(N + K)n3/2}] <

B lon) — 2l { [l > /2hopl(-+ E 21

SB[ IZallop{ [l < 210810V + )2/}

< P2l 2 21081+ K)n/2]/n] xn+ 210g](N -+ K/

< 1 n V/21og[(N + K)n3/?] < 3/log[(N + K)n3/2] < 6/log[(N + K)n]
VAT vn B vn B vn '
Appendix B: Proof of Theorem 2

(]

Proof of Theorem 2. Consider a set {®1,0,, -+ ,0,,} where ®; €C,[|®;||r <¢,Vie [n(s)] and |©; —
O,|lr >¢,Vi# j. We first choose index m € [n(¢)] uniformly at random, and we are given the observations
S ={(X:,Y, "), t € [n],i € [N]} sampled according to (2.4) with ©* = ©,,,. Suppose we obtain an estimation

of m by samples in S, denoted by m. Then we have
P[I©-0|p> 2] =Pl #£m

by the triangle inequality. The Fano’s inequality (see, e.g., Theorem 9 of Scarlett and Cevher (2019)) yields

that
 MaX; jen(s)].iz P(O: || ©;) +10g2

log (n(s)) ’
where D(O; || ©;) is the KL divergence between the distributions of

Pim#m| Xy, - ,X,]>1

(B.1)

(Y1>Y2,"'7Yn|X17"',Xna®i) and (Y17Y2>"'7Yn|X17”'vXna®j)'
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For Gaussian noises with variance o2, we have, for any i # j,

D@ ] ®)) 222N% x,(0;)|
and thus

E[D(®; || ©;)] = 1©; - ©,]%

2K 2Ko?
where the expectation is taken over (Xy,---, &, ). Then by (B.1), we have

log (n(<))
2"< +log 2

N log( (©))

where the last inequality is given by ||®; — O,||r < ||0;|lr + [|®;]|F < 2s. By the proof of Theorem 5 in

Pim#m|>1-—

Koltchinskii et al. (2011), for any constant 0 < v <1, when

2
s=v(o A1) ! ,
n

there exists {©1,0,,--, 0, } with n(s) > 2"%/8 -1 that satisfies ||©;||r =¢,0; €C,Vi € [n(s)] and ||©; —
O,||r >¢,Vi#j. Then choosing v = v/log2/8 yields

R W—HogZ 202rK +log 2 rK/4+8 _ 1
Pl #m] > 1— K or 2l ke Tl 2y
8 8

when rK > 32. Thus, we have
4O, |- | r) =inf sup E[|© - O]
6 e+cc
. S ~ « <
>inf sup =P {H@—@ |z > f}
® o+cc 2 2

> inf 2P [1 % m]
o 2

oS _ Viog2(o A1) [rK?
4 8 n’

which completes our proof.

Appendix C: Proof of Theorem 3

C.1. Major Steps of the Proof

We first define the conditional number for any matrix @, as & = 0oy (0)/0min (@). The very first step of
our proof will be showing that the number of samples collected for each row and column in the enhancement

procedure is proportional to the total number of enhancement samples ny = |J2|. To establish this, we let

Npin = Min { mm |R; |, min |C; |}

€[K]
denote the minimum sample size of each row i € [N] and each column j € [K] in the enhancement procedure,

and we have the following lemma which is proved in Appendix C.3:
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LEmmA C.1. If

aK?
Na =2 N2 9
then
TLQN
nmln -
2K

with probability greater than 1 —exp(—a«) for any a > 0.

Given the minimum sample size requirement, we are now able to derive Theorem 3. We break our proof
into two steps.

The first step (Lemma C.2) shows that with sufficient samples at each row and column, the U and V
returned by the row enhancement procedure in Algorithm 1 will better approximate U*D* and V*D*
(recall the SVD ©* = U*D*V*T); specifically, the row-wise distance, i.e., £5 o, norm error, is improved. This
improvement is enabled by two least square regressions in the double-enhancement procedure Algorithm 1.
The proof technique for this lemma is similar to that in Hamidi et al. (2019). However, as aforementioned,
they are only interested in the row-wise error [|© — ®*||2,00, and hence only discuss how to enhance Y,
to better approximate the row space of ®* but not the column space (i.e., fJ) In contrast, our analysis
requires a simultaneous enhancement of both V and ﬁ, which is more involved. The proof of Lemma C.2 is

in Appendix C.4.

LEMMA C.2. Suppose there exists ey >0 such that the first stage estimator © has

o o], le|
L T . C.1
VNE — 7 ey .
besides, assume that the minimum row and column sample size has
64r2n?rlogrlog(N + K

Then, the I~J,\~f returned by Algorithm 1 satisfy

15efm)\/77+ 4 2am*kro |U*D*
20 VAminllO*[|%

2,00

Hﬁ—Uwrhmg<

and

|V -V*D*

- 15€epkmy/T N 4/ 2an?*kro
2,00 > * *
21®*lsc V/Amin[O7]1%

with probability greater than 1 —3(N + K)exp(—a«) for any a> 0.

) VD" [|2,00

Under the sample size requirement in Theorem 3, €; in the above lemma is of order (5(7“ \/W) according
to Theorem 1 given our choice of A\, which will be helpful in establishing the condition in our second key
step.

The second step (Lemma C.3) shows that, by setting ©® = U;Q, VT, the entry-wise error ||© — @* ||, is
controlled by the row-wise bounds ||U — U*D* ||I2,00 and |V -V*D* |l2,00 derived in Lemma C.2. This bound
is deterministic, leading towards our final probabilistic bound in Theorem 3. The proof of Lemma C.3 is

provided in Appendix C.5.
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LEMMA C.3. Suppose there exists € <1/(2+/rnk) such that
|U - U'D* 2,00 <e|[UD*||5,0c  and ||V = V*D*||5 o <€l|[VD*|l2 cc. (C.3)

Then, ® =U,Q, V" satisfies
336y ]| O]

-0, < ,
[ oo < 1

where Uy, Qq are from the SVD U= U,D.Q;.

The € in Lemma C.3 exists with probability higher than 1 —3(N + K) exp(—«) for any a > 0 if we set

_ 15epkny/r N 4/ 2an*kro
210%lc  Vimn[©O*]|Z,
according to our results in Lemma C.2. As aforementioned, €, is of order @v(r\/m), thus € is of order
O(r3/?\/K/Nn). By Lemma C.3, this yields our final result order of O(r>\/K/Nn).

C.2. Proof of Theorem 3
Proof of Theorem 3. First we provide the explicit form of our condition n = Q (max{(r*K)/N, (K/N)?});
that is,

)

20K? 256r2nr K logrlog(N + K) 1800cic3o?n*k*r® K (o + log(N + K))2
n > max 5 +1, ) 1, e
N 103N N[©*3,

1800c2n*k*r* K log[(N + K)n] 2048ac?nSktr3 K N 1}
N||©%, T N[er% ’

where ¢4 is the constant from (A.4). This requirement for sample size is to ensure that the conditions in

Lemma C.2 and Lemma C.3 hold with high probability. Specifically, we will show that if the sample size

requirement is met, then

na N < (n—1)N S 64k2n2rlogrlog(N + K)

min> el C4
min = 9K = 4K CHE (G4)
with probability higher than 1 —exp(—a«) and

e -6 O e _ 10|00

[0 8l _ &~ _ €] )

VNE T 30m2k2 T 2pry/r
with probability higher than 1 —4exp(—«) by choosing

(N+K>n]}_

K Kl
ef:c4max{0>\a(a+log(N+K)) §WL’T\/ Og[Nn

We first show (C.4) holds with high probability. By Lemma C.1 and our assumption that

256k21%r K logrlog(N + K)
n=z
N[|©~3
we immediately have (C.4) holds with probability higher than 1 — exp(—a). Then we will show that (C.5)

+1,

holds with high probability via Theorem 1. The explicit form of Theorem 1 in (A.4) tells us with probability
higher than 1 —4exp(—a),

||G)*—@||F \/W Klog[(N + K)n,]
- L log(N + K
NE S cymax { cxo (a+log(N + K)) N, ,T Ny
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Since

>

n
an§

900c3c3 o*n k13 K (o +log(N + K))2 900c3n* k1 K log[(N + K)n|
max ) ?
N[©*3, N[©=3,

by choosing

| rK Klog[(N+ K
€y =camax | o (a+log(N + K)) ]:fn ,r\/ Og[(Nn+ )nq] ,
1 1

0" -0 . .
| le ., < 1€70e 167
VNK 30rn2Kk2 ~ 2nky/r
with probability higher than 1 —4exp(—«), where the last inequality is given by 0, x,r > 1.

we have

By our choice of €7 and sufficient sample size established in (C.4) and (C.5), we have the conditions in

Lemma C.2 hold. Therefore,

|U-U*D*

< 15€epmy/T N 4 2an?*kro
2,00 = * *
210 lsc V/min[O7]1%

) [U"D*[|2,00

|V - V*D*

< 15epmy/T N 4\ 2an*kro VD
2,00 = * * 2,00
2[[®0*lc  VIminl|O[|Z

with probability higher than 1 — (3N + 3K ) exp(—«). This further implies that, as long as

15eprmy/r N 2an?kro < 1
2010 loc VA |©*[1% T 2V’
then the condition in Lemma C.3 is satisfied with probability higher than 1 — (3N 4+ 3K) exp(—«a) by choosing
_ 15€pRmy/T N 4 2am?kro
210%lec  Vimm[O*]|Z,
Now we show that (C.6) holds. By (C.4) and

(C.6)

2048ac?nSkir3 K
n> +1,
N[|©%,

we have

- (n—1)N _ 512a0?nSk%r®
Nmin 2 = )
AK [©-[1%

Thus, it gives

4 20m?kro < 1
Vi [©%[12, T 4k

By combining this argument with (C.5), we have

15¢,kny/7 | 4V2arPkro 1502 les m?\/?+ 11
210 loc  Vrmm[O*[Z T 2[00 4k 2/rk’
which implies that (C.6) holds.
Now by our choice of €, the condition in Lemma C.3 holds with probability higher than 1 — (3N +
3K)exp(—a). We have

_ 15eprny/r N 4/ 2an’kro
210 loc VI [©7]1%
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1 [ rK log[(N + K 4 2am?
= 15amy/r camax | cxyo (a+log(N + K)) ]:[ T oel( N+ ] TR B
ny ny

2(18*[| o Vmin [ ©7|2,

156m/r 2K \/2Klog[(N+K)n1} 4 2ankro 4K
< 22V log(N + K

=310 (C“max{m(aﬂg( NN Nn e\ Nm-1

Knr | K \/TKlog[(N—l—K)n] noyva | K
<cg—m
_C5H = (max{c)\a(aJrlog(NJrK)) N N + oV n )

where c¢5 is an absolute constant. Plugging the above into Lemma C.3 yields

[CEICH
_ 33ey/rr]©° |
- 4

33vrnk] 0% Knr [rK \/rKlog[(N+K)n] nova | K
< . log(N + K — —
< 1 cs o max 4 ¢xo (a+1log(N + K)) N N + o=V vn

K Klog|/(N+ K K

< cgn?k2r®/? max {c,\a(a—l—log(N+K)) 1/ N \/T Og[gvn+ )n]7 ”ncf)f:ﬂa Nn}’ (C.7)

where cg is an absolute constant.

Since (C.4) and (C.5) hold with probability higher than 1 —5exp(—«), we have (C.7) holds with probability
higher than 1 — (3N + 3K +5) exp(—«), which completes the proof. O
C.3. Proof of Lemma C.1

Proof of Lemma C.1. Let r;=|R;| and ¢; =|C;| where R; and C; are set in Algorithm 1 and i € [N],j €
[K]. By the definition of matching, we have r; =ns,Vi € [N]. Then, it suffices to show that

> N
mln c;
JE[K 2K no

with high probability. We have for any j € [K],

=|{te T2, j:(i) = j} = ZZH{Jt )=3}

teJ2 1€[N]

By our matching structure, for any ¢ € Jo, Zie[N] I{j:(i) = j} are i.i.d. Bernoulli random variables with
expectation N/K. Then, by Hoeffding inequality, we have

N N —92 na N \2 N2
P { ¢ — nz n2 } < 2exp <(2K)> < 2exp <_n2 ) < 2exp(—a),

No 2K?
where the last inequality is given by the condition ny > 2K?2a/N? of this lemma.

C.4. Proof of Lemma C.2

Proof of Lemma C.2. We will prove the result for I~J, and the result for V can be obtained via an
analogous argument. We first recall some notations for this proof. We let e;(N) for ¢ € [N] denote the
canonical basis vector in R”Y; that is, ¢;(N) is a column vector with 1 in the i-th entry and 0 in the other
entries. Similarly, e;(K) for j € [K] denotes the basis vector in R¥.

Let 3T = U*(»)D* = ¢;(N)TU*D* € R" for abbreviation. Recall that in Algorithm 1, we use R; to denote
{(Xi,Yt(i)) |t € Jo}, which is a set of enhancement samples from row ¢. Define r; = |R;| and index the

elements in R; as

(Zi,yx), k € [ri].
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Then, define
€; (N)T Zl

Z= ; eRmi*K

and the response vector

By (2.4), we have
Y=ZV*[+e,

where ¢ is a vector in R™ consisting of independent o-subgaussian noises. Then the solution B, in Algorithm 1
is equivalent to
B; € argmin ||Y — ZV~||. (C.8)
YERT
Define
H=7ZV.

Assume that H™H is invertible, which implies that the unique solution for (C.8) is

argmin ||Y — ZV~||? = (HTH)ilHTY.
YERT

We use 8 = (HTH)AHTY to denote this solution for ease of notation. We will show later in (C.11) that
HTH is invertible with high probability. Now we proceed to analyze ||3 — Bl|. We have

H'H) 'H'Y

)
(H'H)'H"(ZV*B+¢)
(H'H)'H (ZVB+ZV*B—ZV+¢)

HH) 'H'HS+(H H)"'H Z(V* - V)3+ (H H) 'H ¢

B+(HH)'H'Z(V* - V)3+(H H) 'H'e.

So
188l = |ETH) T HTZ(V - V)34 (HTH)H e
<H(HTH) HTZ(V \7)5H+H(HTH)‘1HT5||
<H(HTH) 1HTZH \A/'H ||6H+H(HTH)71HT5H
<|[@ETH)TTHTZ|| V- VIIFH5II+H (H'H)""H'el|. (C.9)
_’_/
=hy =hs
We first bound hs. We have
he=||(HTH) 'H¢|
<||Emm) 7 ETe

S - (C.10)
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So we will upper bound hy by upper bounding H' ¢ and lower bounding A (H" H). We will use Lemma F.5

on the norm of the weighted sum of subgaussian vectors to upper bound |H"¢||. Notice that

and cach random vector e;(N)TZ,V € R" follows an independent and uniform distribution over the set

{e;(K)TV,je[K]}, thus |l&;(N)TZe V| <|[Vl2.00, Vk € [ri]. Then by Lemma F.5, we have for any p > 0,

—p? —p?
P >p| L2exp| ——=——] <2exp =
2rr[|V||3 0 2t || V|13 0

where the second inequality is given by the definition 7., = min{min;c[n) |R;|, min;c(x; [C;|}. Taking p=

0\/2rommin||\7||2’oo yields

> eWey(N) 2V

k=1

[H e = [le "H] =

> e®ei(N) 2V
k=1

P[[[HTe| > 0vEranmml|V iz | < 2exp(—a).

We will then use the matrix Chernoff bound in Lemma F.6 to lower bound A, (HTH). Note that by Weyl’s
inequality (Lemma F.7),

Amin (HTH) = Ain (Z VTZZei(N)ei(N)TZkV>

k=1

> >\min (Z vTdez(N)€Z<N)TZk‘/}> .

k=1
By our previous argument that each random vector e;(N )TZk\A/' € R” follows an independent and uniform

distribution over the set {e; (K)T\Af,j € [K]}, we have
Amax(VT 2 i (N)es(N) T2 V) = [les(N) T2 V|2 < [ VI3 o, VK € 4]

and

Thus, plugging pimin = Nmin /K and w = \|V||§oo into Lemma F.6, we obtain

& <7 <7 min - 1 - p)2nmin
P )\min( VTZe;(N)e;(N)TZ V)gL <rexp [ 0T Mmin ) 0 1),
[ S5 920000 7)< s e o)

Then, set p=1/2. If ny, > 801K||\A/'H§’oo logr, we have

P HTH) < | <p o (S VT2 e (N)er (V) T2,V | < i
i >_2K]_l (Z Le(N)e () k>_2K

e
<rexp | ————b— | <exp(—a), C.11
<8K||V||§,oo) ) (c1
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which implies that HTH is invertible with probability higher than 1 —exp(—a), and furthermore,

IH e _ ov/2ranmml|Vilz.e
n(HTH) ~ g
_ 2KU\/2ra||\A/ 2,00 U D
Vi | U"D* |2, e

_ 2K0v/2ra|[V||2,0

hy < o

U'D*||2 o0
Vel ® e | 0
< 2KoV2ra||V|2,0 U*D*
e ,00
\/m\\\/%p
2Kov/2ral|V 2.
< g T'OZH ||2’ HU*D*”Q,OO

T o VNK|O*|
nmln n’\/ﬁ

_ 2noV2Kral| V2,0
\/nmin”(a*noo

with probability higher than 1 — 3exp(—a), where the second equation is given by (F.1) in Lemma F.8, and

[U*D*||2,00 (C.12)

the last inequality is given by Assumption 1. In the following lemma, we provide an upper bound on ||\7||2OO

and thus nyi, > 8cyK||\A/'||%OO logr must hold as long as

4k%n2rl log(N + K O
nmm_fiffnrogrzg( +K) 4 6fgll lloo
103 2nK\/T
LEmMA C.4. If
O*|
e, < 1971 (C.13)

F= 2nk\/T’

then

~ 1 -~ 2Kkm r
min® 2 3 d V oog - .
72 @y IVl S e VR

We leave the proof of this lemma at the end of this subsection. Combining Lemma C.4 and (C.12), when
(C.13) holds, we have

b < 27]0\/2K7“o¢||\7||270<J
2 =
vV nminng*”oo
_2kn /T
- QUJ\/QKT’QHC_)*HOO }74 U Do
vV nminne*”oo
4/ 2am*kro

=——7——|U'D"
@z 1 e

with probability higher than 1 — 3exp(—a).

[U"D*[|2,00

The term h; can be bounded via basic algebra. Notice that
= |ETH) R Z|, = |@ETH) H 2V
=|@E"") HH|

:1)
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where the first equality is due to Lemma F.9. Plugging the above bounds of h; and hs into (C.9) gives us

18— Bl < ha||V* = V| [|B]| + b2
<[V =V ,.[I8] + b2

(a) ~ 1 1
< 5|0~ O||r <U e —— ) 1811+ he

(G)*) O'min(@)
(? 15€f\/ NK

— h
< e e 1Al b
() 15epkmy/T
< Srgar Bl +h
2[©* | ’

< <15efm]\/77+ 4/ 2an?kro

T\ 20 Vminl|©7[%
with probability higher than 1 —3exp(—a), if (C.1) and (C.2) hold. In detail, (a) is given by Lemma F.10,
(b) is given by (C 1) and Lemma C.4, and (c) is given by (F.2) in Lemma F.8. By our definition, § — 8 =
(U U*D*) i . Extending (C.14) to every i € [N], we have

. (i) 1 4v/20m?
[(©-oD) = (56 + e ) 10D e
21©* | Tomin [ ©*[|%

) [U"D* 2,00 (C.14)

with probability higher than 1 — 3exp(—a),Vi € [N]. Since ||U — U*D*||5,oc = = max;ec[n]

)

(O-vu D*)(M'

by union probability, we have

156fﬁ)7’]ﬁ+ 4\ 2an?kro
210l VAmin[[©7]1%

P fJ—U*D*HQ,wg( [U*D*||3,00 | > 1— 3N exp(—a).

Similarly, we can also show that

P ||V =V D20 < (

+ [V D*|l2.00| > 1—3Kexp(—a).
20 lcc  v/min[©*[|%

15epmmy/T  4V2am?kro )

Therefore our argument goes. [
Proof of Lemma C.J. We first prove the bound for O'min(@). By the condition in the claim statement

and (F.2), we have

||®*Hoo < Vv KNUmin(G')*)
27}&[ 2 '

By Lemma F.11, we have

Omin @ >0min ) — 6*—@ F>Umin O) —¢ \/KN
( )— ( ) ” H = ( ) f
> in(e*) Omin2(® ) Omin2(® )

Hence by Lemma F.12 and (F.2), we have
_ VN8 _ 2VN|O] _ 2VN||]lc _ 261 / r

IV ]l2,00 < <
Tonn(©) (©) = iEje o]

where the last inequality is given by the constraint in (3.1). O
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C.5. Proof of Lemma C.3

Proof of Lemma C.3. First we show that as long as € < ﬁ, we have rank(U) =r. Then it suffices to

show that 0,.(U) > 0. By Weyl’s inequality (Lemma F.7) and the definition of € in (C.3), we have Vi € [r]
|0:(Dy) — 0:(®")| = |0:(U) — 0;(U*D*)| < |[U - U*D*|
<VN|U-U"D"|2,00
<eVNK| O wo-

Then by (F.2), we have
Uf’(ﬁ) = UT(DI) > Umin(G*) - |UT(D1) - Umin(®*)|

/N *
> M —6‘/NK||@*||OO
Ve

1 € 1
= ———¢)V o > -4 * .
(\/7777” e> NK|© oo_maX{TQ\/?j??"f} NK|O" oo, (C.15)

where the last inequality is given by the condition e < ﬁ (C.15) shows that D is a full rank diagonal

matrix in R"*", and thus D] " is well-defined. Then we can write
e=U,Q,V"'
=(U;D:1Q1)Q/ D 'Q, V"
=(U'D"+U-UD)(D*'+Q/D;'Q, -D*" )(D*'V* T + VT —D*V*7).

=Ay =Ap =A$

We first bound the three terms Ay, Ap and Ay respectively. Lemma F.13 and (C.15) yield
max;e(,] |o;(D1) — 03 (D*)]

Ablles <
|| D” b= Umin(Dl)Omin(D*)
g V/NE[0"|.

" max {55t | VKO |0min(©°)

< min { omin2(®*) : Uzm‘fgf) } . (C.16)

Additionally, given our conditions in the lemma statement, we have

|Ay 2,00 = [U = UD*|3,00 < €| U"D* |2,

and

200 = [V = V*D*[|5,00 < €| V*D* (C.17)

2,00

Ay

Now we decompose © — 0" as
0-0*=(UD"+Ay) (D" ' +Ap)(D*VT +A]) - ©*
=U'D'D" '+Ap)D'V' T +A])+Ay(D* '+ Ap)(D*V' T +A]) - O"
=U'D*'D* 'D*V*" —@*+U*D*(D* ' + Ap)A| + U'D*Ap(D*V*" + A/)
+A(D* P+ AR)(D*V T +A])
=U'D* D" '+Ap)A} +UD*Ap(D*V* " +A})+Ay(D* '+ Ap)(D*V*T + A[). (C.18)

=A1 =As =Ag
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In what follows, we bound the infinity norm of the three terms A;, A, and Aj respectively.

For the term A1, we have the following inequalities:
U D" [|2,00 = |©7[l2,00 < [|©7 [ VK, and [V D*[|2,00 =@ |[3,00 < [|©7[|oc VN, (C.19)
which are given by (F.1), and

D™ + Aplop < D" lop + | Apllop = —

IN

1
Jmin(D*) a-min(D*)
_ 3 < 3\/rnk
Tmin(D*) = VNK|[0*|

where the first inequality is given by (C.16) and the last inequality is given by (F.2). Then by Lemma F.14

(C.20)

we have

A1l < [T D" |2,00[D* ™" + Ap lop | Av[l2,00
<UD [|2,00 [D* ™" + Apllopel DV |2,00

. 3y/rnk .
<|® ||oo\/?' W d[C) Hoo\/ﬁ

= 3e\/T6n|| O o -

where the second inequality is given by (C.17), (C.19) and (C.20). Similarly, we have

[As]lee = |Au(D* '+ Ap)(D* VT + AJ)||
< AUl2,00[D* 7+ Aplop[D*V*T + Ay |20

< €e|UD*||2,00[D* ™" + Apllop (1 +€)[D* V2,00
3ev/rnk||©| o

2

1 *

(1L SO

2\/rnk 2
_ 9yl ©" o
— 4 )

<(l+e¢)

where the last inequality is given by x,r,17 > 1. For the term Ay, we have an analogous argument

[Az]le < [[UD*||2,00 [ Aplop | D" VT + Ay 12,00
<UD 2.0l A D lop(1+€) DV 2,00

. ) 2 2./rnKe .
< . .
< (1460 VK mln{gmin(@*)7o'min(®*)} 0% VN

* 2 rnK *
< (14007 VE - B VH

<3ev/rns]|©7|o
where the third inequality is given by (C.16). Thus we conclude

1© = Ol < [|A1]loe + [ Asloo + Azl

< 336ﬁnzll® l 4
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Appendix D: Proofs of Theorem 4

D.1. Major Steps of the Proof

To prove Theorem 4, we will decompose the regret of Algorithm 2 into the regret from the exploration phase

and the regret from the exploitation phase. The regret in the exploration phase can be easily upper bounded

by NE,, since the per-period regret is less than N for any period ¢ € [T], regardless of which X, we choose.
To show the regret in the exploitation phase, we first prove Proposition 2, which says that the per-

period regret for the exploitation phase (X* ©*) — (X, ©®*) = 6(7’3/2KE,:1/2), with probability higher than

1—4(NT)~'. We provide the proof in Appendix D.3.

PROPOSITION 2. Given A=cyo(log(NT)+1log(N + K))/VEy, in (3.1) for a constant cx, X, obtained in
Algorithm 2 after Ey exploration steps satisfies

(X*,0%) — (X.,0%) <2V2r6p(E))
with probability higher than 1 —4(NT)~1, where

log[(N 4+ K)E4]

dr(E)) = cq max cAaK(a—i—log(N—f—K)),/EL,rK NE
h h

for the constant ¢y from (A.4).

Equipped with Proposition 2, we can show the following lemma that combines the regret from the two
phases, which is sufficient for proving Theorem 4. The proof for this lemma is in Appendix D.4.

LeMMA D.1. Set
log(NT) +log(N + K)
o

VEn

in (3.1) where cy is a constant. Then the regret of Algorithm 2 satisfies

)\:C/\

E[R(T)| < NEj, +2V2r(T — Ep,)0r(Ey) + 4.

D.2. Proof of Theorem 4

Proof of Theorem 4. By Lemma D.1, choosing Ej, = ¢;,rT?/3 where ¢, is a suitable constant yields

E[R(T)] < NEy, +2V2r(T — E},)0p (Ey,) + 4
= ¢p,rNT?3 4 23V20 (T — e, rT?/) 6 p (cnrT?/?) + 4
<cprNT?/3 42/ To (chrTQ/S) +4
= O (NrT?2 4 2Tr K (rT?/3)~1/2)

=0 (r(N+K)T%/?),

which completes our proof. [
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D.3. Proof of Proposition 2
Proof of Proposition 2. We first invoke the explicit form of Theorem 1 in (A.4) with n = E}, to get
P[|©* — O] > dp(Ex)] < 4(NT) ",
by our choice of A\. Thus
(X*,0%) — (X,,0") = (X*,0" - 0) + (X, 0" - 0)
<|(X*,0* - 0)| +|(X.,0" - ©)|
<X op|© = O, + X lop | ©7 = O
=2|©°-8|.
<2V2r|©* — O < 2V2rdr(Ey)

with probability higher than 1 —4(NT)~! where the second equality is given by the matching structure of

~ ~

X* and X,, and the last inequality is given by rank(®@* — @) <rank(®*) +rank(®) <2r. O
D.4. Proof of Lemma D.1

Proof of Lemma D.1. For the first E; rounds, we have

E;, Ey Ep,
D (X707~ (X,,07) <> (X1,07) <> N[O < NE;.
t=1 t=1 t=1

By Proposition 2, we have (X*,@*) — (X.,©®*) < 2v/2rip(FE),) with probability higher than 1 —4(NT)~".
This implies that
T T
> (X0~ (X,,0%) = > (X*,0%) — (X, 0%) < (T - E,)2V2rdrp(Ey)
t=E}, t=E}
with probability higher than 1 —4(NT)~!. Therefore, the total regret
T
R(T)=> (X*,0%) = (X,,0") < NE), + (T - E},)2v2rép(Ej)
t=1
with probability higher than 1 —4(NT)~!. Now notice that for any ¢ € [T] and any X; € M, we have

(X",07) = (X,0") <N,

which implies that
T

R(T)=> ((X*,0") - (X,,0")<NT
t=1
almost surely. Then we can decompose the regret expectation

E[R(T)]=E |Y ((X*,0") - (X, ©)

~E {R(T) I {R(T) <NE, +(T - Eh)Q\/%F(Eh)}]
+E [R(T) 1 {R(T) > NE, + (T - Eh)2\/§6F(Eh)H
< NEy + (T — Ep)2V2r6p(Ey) + NT - P [R(T) > NE, + (T — Eh)2\/§6F(Eh)}
<NE,+ (T — Ep)2V2rSp(Ey) + NT -4(NT) ™
= NE, + (T — E,)2V2r0p(Ep) + 4,

which completes our proof. [
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Appendix E: Proof of Theorem 5

E.1. Major Steps of the Proof

Following the literature (Gale and Shapley 1962), we assume there is no tie in preferences without loss of
generality. A key ingredient for the proof of Theorem 5 is that a stable matching is determined solely based
on the preference rankings of both workers and jobs; in other words, accurate reward estimation is not
critical as long as the rankings derived from it are precise. When the minimum reward gap between pairs is
sufficiently large, accurate rankings and hence a worker-optimal stable matching can still be achieved even
under imprecise reward estimations. Liu et al. (2020) provide a similar observation in their Lemma 3. To

this end, we let

Apin = min {min|®*(i’j) _ @*(i,j/)|}

1€[N] (5#3'
denote the minimum gap of rewards over all workers ¢ € [N]. Then, provided that the infinity-norm estimation
error [|© — ©*||oo < Apin/2 where © is obtained from Algorithm 3, we can ensure that the stable matching
we commit to, i.e., X,, coincides with the worker-optimal stable matching X*. This main idea gives rise to
the bound on the stable regret for every worker (as previously defined in (5.2)) in Theorem 5.

We introduce the following lemma before we prove Theorem 5. Its proof is provided in Appendix E.3.

LEMMA E.1. Given our choice of A= cyolog ((N + K)(3N + 3K +5)T) /\/E},, the stable regret of Algo-

rithm 8 for worker ¢ satisfies
E[R:(T)] <2En +2(T — Ep) - I{0o0(En) > Amin/2} +2, Vi€ [N], (E.1)

where

| K
500 (Eh) = 067]2/{27“3/2 max {C)\Ulog [(N + K) (3N —+ SK =+ 5)T] ﬁ,
h

rK log[(N + K)E] na\/ log [BN+3K+5)T| [
NE, ’ |1©* |0 NE,
for the constant cg from (C.7).

E.2. Proof of Theorem 5

Proof of Theorem 5. Following Lemma E.1, choose

3K 202log [(3N + 3K +5)T
Eh:c7]\:A2_max{c§021og2 [(N + K)(3N + 3K +5)T,rlog [(N + K)T], " g[(IG*IIZ )]

where ¢; > 4c2n*k?* is a constant and and suppose that T is large enough such that Ej; <T. Then we have

e 25log [(3N + 3K +5)T
Eh:c7NrA2maX{C§02bg2 [(N + K)(3N + 3K +5)T),rlog [(N + K)T], 2% [(Il@*2 ) ]}

42tk K 20%log |(3N +3K +5)T
_%max{ciaﬂogz [(N+ K)(3N 43K +5)T],rlog [(N+K)T],77 o 08 [(|®*||2 )]
4c2ntkiriK n?c?log [(3N + 3K +5)T
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which implies
Amin

By Lemma E.1, we have

E[R:(T)] < 2Bn +2(T = En) - 1{doc (En) > Amin/2} +1
_0 (7"3Kmax{10g2[(N+K)T],r10g[(N+ K)T]})
NA? ’

min

which completes our proof. [
E.3. Proof of Lemma E.1

Proof of Lemma E.1. First notice that, as long as the estimation error ||@* — ©||o < Apmin/2, we will
have X, = X*. This is because, as aforementioned, the Gale-Shapley algorithm only considers the preference
rankings from both sides when deriving the worker-optimal stable matching. In other words, as long as the
preference rankings derived from © are the same as those derived from ©*, the result returned by Gale-
Shapley algorithm will be the same. The condition [|©* — ©| o < Amin/2 will ensure that each worker’s
preferences will be the same under ®* and ©. Now with this claim, we can bound the regret in the rounds

from Ej +1 to T. For any i € [N], we have

E XT: ((X*i,®*>—<Xi,®*>)]
t=Ep+1
E| Y (<Xz,@*><xz,®*>)]

Lt=Ep+1

5| Y (<xz,@*>—<xzye*>)~H{xc¢x*}]

Lt=Ep+1

~E| Y (<xz,@*>—<xz',®*>)~H{Xc¢x*}-ﬂ{é—@*HOOsamwh)}ﬂ{émwh)gAminﬂ}]

Lt=E,+1

+E

S (X0 — (X107 X £ X} {0 — 07l < 5uc(E)} Mo (En) > Amm/z}]
t=Ej,+1

> ((XLO7) = (X1,07) X £ X} {6 — 07| > duc (En)}

t=Ep+1

+E

=E

S (XL 07— (XL©7) X £ X} {0~ Ol < 0uc(En)} - o (Ei) >Amin/2}]
t=Ep+1

> ((XL07) — (X}, 07)) X, £ X} {8 — 07 > b (En)}

t=Ep+1
< 2T = En) o (En) > Amin/2} +2(T — Ep)P {Hé — 070 > 5oo(Eh)}
< 2T = Bp) oo (Er) > Amin/2} +2(T — Ep)T ™ <2(T = Ep) - oo (Bp) > Amin/2} +2

+E

where the first inequality is given by (X!, 0*) — (X!, ©*) < [(X!, ©*)| + [(X!,©*)] <2 and the second
inequality comes from ||© — ©* o < o0 (F},) with probability higher than 1 — (7))~ given Theorem 3. Then

we have
IE[Ri(T)]ElZL (x+,07) - (xi,07) | +E| > (<x*i,@*><@x;,®*>)]
t=1 t=F)+1
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<E[Y (X709 +(X1,07) | +E| Y ((X",0)-(X},0")
t=1 t=FE,+1

<2E,+2(T—Ep) Houo(ErR) > Amin/2} + 2,
which completes the proof. [
Appendix F: Technical Lemmas

LEMMA F.1. Let Zy,--- ,Z, be i.i.d. matrices in RN*X with E[Z;] =0 and ||Z;||op <w almost surely for

all i € [n]; let 07 be a parameter such that

oy >maxS (Y R([Z]Z;]| | E[ZZ]]
i=1 op =1 op
Then for any p >0,
n _ 2
llsoa] =] <ivimen] )

=1

o 20% 4 (2wp)/3
Proof of Lemma F.1. See Proposition 1 in Athey et al. (2021). O
LEMMA F.2. For any ¢ >0, let

C(Q) = {A € RY*F | Al < 1, En[|A o X|2] < ¢},

where X is a random matriz following distribution 11 (defined in Section 2). Let Xy, k € [n] be i.i.d. copies
of X and z; =supace(e) |23 lA o X, ||% —Enl||A o X||3]|. Then we have

7 —ng
P >2E —| < — .
[ZC = 2Blzc] + 24} =P <288N>
Proof of Lemma F.2. Our result relies on the Massart’s concentration inequality (see Theorem 3 in Mas-

sart (2000)). First note that
|A o X7 < N,YA €C(C).

Then we need to provide an upper bound for

oz= sup Y Var(||AoX]3).
AeC(O) oy

We have

ot= sup Y Var(|AoX]})
AeC(O) =y

< sup » E[JAoX]|F]
NS

< sup > E[|AoX]|3E[|AoX]3]
AcC(O)

<nNC,

where the second inequality is given by the definition of variance and the third inequality is given by the

definition of C(¢). Thus we choose ¢’ =1,0, =+/nN(,b=N and z=n(/(288N) in (11) of Massart (2000),

and we obtain

P {ZC > 2E[z:] + ;i] <exp <2_887§Z§7> .
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LEMMA F.3. For any two matrices A, B we have
rank(A o B) < rank(A) - rank(B)
where A oB denotes the Hadamard product of matriz A and B.
Proof of Lemma F.3. See Theorem 4.5 of Million (2007). O

LeEMMA F.4. Let Zy,--- ,7Z, be fized matrices in RN*E and £,,&,,---,&, be independent Rademacher

random variables; let o5 be a parameter such that

)

n
2 T
07 > max E 7,7,
i=1

zn: 7,7,
i=1

op op

Then for any p >0,

P
20%,

n _ 2
Zfizi >p| <(N+K)exp [p}
i=1 op

Proof of Lemma F.4. See Theorem 4.1.1 of Tropp et al. (2015). O

LEMMA F.5. Consider n fized vectors X1, Xo, -+, X, € R where || X;|| < S,Vi € [n]. Then for n i.i.d.

o-subgaussian random variables €;, we have

n 2
3 —p
i=1

Proof of Lemma F.5. 1t is straightforward to see that £;X; is a 0S-subgaussian random vector for each

i€ [n]. Thus ), &;X; is a y/noS-subgaussian random vector. By Lemma F.15, we immediately have

n 2
—p
Hzl_:fiXi 2/’] 2o (w)

LEMMA F.6 (Matrix Chernoff). Consider independent positive-semidefinite matrices 2,2, -+ ,Zy, €
RX? that satisfy

P

|Z;]lop <w,Vie€[k] almost surely.

Then we have

k
IP lAmin (Z Zz) S pumin] S d : ef(lfp)2umin/2w’vp S [07 1]
i=1

and

k e Phmax /w
P )\max Z Zz Z PHmax S d- |::| ,VP Z e,
=1 p
where

k k
Hmin = )\min (Z EZl) and Hmax = )\max (Z EZ’L) .
i=1 i=1
Proof of Lemma F.6. See Remark 5.3 in Tropp (2012). O
LEMMA F.7 (Weyl’s Inequality). For any matriz A, A’ € RN*X it holds for all i € [min{N, K}] that

|0i(A) —oi (A < [[A — Al lop-
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Proof of Lemma F.7. See Weyl (1912). O
LEMMA F.8. For any ©* ¢ RVN*K with SVD ©* =U*D*V*", we have
U D*|[2,00 = [|©7[|2,00- (F.1)

Further, if ©* satisfies Assumption 1, we have

10l _ €7l VIR
R/ NG

Umin(g*)
where K s the conditional number of @*.
Proof of Lemma F.8. For (F.1), notice that

2,00 = max [|e;(N) "U*D*|| = max [|e;(N) "U*D*V* || = max [|e;(N) " ©"| = [ @72,
i€[N] i€[N] i€[N]

where the second equation is given by that V* is orthogonal and multiplying a vector by an orthogonal
matrix does not change its length.
For (F.2), the first equation and the first inequality are straightfoward. The last inequality directly follows

Assumption 1, i.e.,

O

B n

LEMMA F.9. Let V € REX" be an orthogonal matriz (i.e., V'V =1,..,.). We have for any matriz A €
R™K, ”VAHOp < HAHOp = ||AVH0p~
Proof of Lemma F.9. By the property of operator norm, we have
IVAlop < [[Vllop | Allop = [ Allop-

Let the SVD of A be A =U,DV,, where V4 is an r X r orthogonal matrix. Thus we have AV =
U4D(V4V), which is a SVD since both U,y and V4V are orthogonal matrices. Hence the singular values
of A and AV are the same, which yields [|A|op = [[AV]lop. O

LEMMA F.10. For any rank r matrices @,(:) € RNXK et ©=UDVT be an arbitrary SVD of (:)7 then
there exists SVD ©® =UDV ', where

N 1 1 ~
U-U|r<5 + =~ ®-0
[0-Tllr (Me) JT(®)> |©-8]r

and

N 1 1 ~
V-V|p<5| —+—= | |O—-0O|Fp.
V-V (UT(@) M@) |©-8]r

Proof of Lemma F.10. 1In this proof, let @ = UDV T be an arbitrary SVD of ®. Moreover, let

, U U
e (U] wa v [

Then it remains to bound

d(F.F') = min |F-F'Qllr = min [FQ' —F|r.
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By Remark 6.1 in Keshavan et al. (2010), we have
AF,F)<V2FFT —FF || =V2(JUUT —=UUT |z + [VVT = VVT |z +2|UVT = UV z).

By Lemma F.16, we have that

VIO -8l 159 _yyr, < V2@ Ol
Ur(g) O'T(@)

Furthermore, notice that UVT = sgn(@)) and UVT =sgn(®), which are defined in Lemma F.17. Then by

|UUT —UU || <

Lemma F.17, we have

R 3 1 1 N
UV —UV'|p <= | ——4+ ——— | |©—0||p.
[ < 5 <o—r(®) OT(®)> l I3

, 3v2 1 1 5
d(F,F)S< 5 +2> (ar(®)+ar(@))> 1© -8l

1 1 ~
<5 ((IT(@) + UT(@) ©—0O|F,

Thus

which completes the proof. [
LemMA F.11. For any rank r matrices ©,0 € RN*K  we have
|01min(©) — Tin (©)| < [|© — O -
Proof of Lemma F.11. By Lemma F.7, we have
|0,(©) —0.(8)| < [©—Olop < [©—O|p. [

LEMMA F.12. For any matriz @ € RV XK let the SVD of ® =UDV ", we have

VKOs VN[Ol

< .
HU”ZOO o Umin(®) O-min(@)

and ”VH?,OO <
Proof of Lemma F.12. We have
102,00 0in(©) < [1©ll2,00 < VK|,

which gives us the first inequality. The second inequality can be obtained via an analogous argument. [

LEMMA F.13. For any positive definite matrices A,D € R™*" where D is a diagonal matriz, we have
maxiem ‘O’Z(A) — D”|
Umin<A)amin(D)

Proof of Lemma F.13. For any positive definite matrix A, there exists an orthogonal matrix Q and a

HA_l - D_1||op S

diagonal matrix D4 such that
A=QD,Q’,
where the i*" element on the diagonal of D 4 is o;(A). Thus we have A= =QD,'Q", and
A7'-D'=QD,'Q" -D!
=QD;'Q' -QD'Q’
=Q(D; -D Q.
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By the definition of operator norm, we know that

[A~ =D Yo = ie?f]dD;l(i’i) —D'(i,i)|

=max|o;(A)~" —~ D3|
i€[r]

=max
i€[r]

max;eir] loi(A) — Dy

O'min(A)omin (D) D

LEMMA F.14. For any matrices A, B, C, we have
[ABC[|o < [|AB|l2,00[[Cll2,00 < [[Al2,00 [ Bllop ]| Cll2,o0-
Proof of Lemma F.14. The first inequality is straightforward. Here we show that
[AB|[2,00 < [[All2,00 [ Bllop
for any matrices A and B. Let d; denote the row-dimension of matrix A and we have
|ABl2.oc = max e(ds)"AB] < max () AlBlop = [All2.c Bl O

LEMMA F.15. For any o-subgaussian random vector X € R?, we have

2

p ),Vp>0.

PlX| > pl <2
1] > ol < exp(gdgz

Proof of Lemma F.15. See Lemma 1 in Jin et al. (2019). O

LEMMA F.16. For any rank r matrices ©,0 € RN*K 1ot @ = UDVT and ® = UDV be their SVDs.

Then we have R
V2|©-0|r

UUT-UUT || <
|| ||F = 0',«(6)

Proof of Lemma F.16. First notice that
|CUT —UU || :ﬁ-qiﬁf IU-UQ|s.
€ TXT

To show this equality, we first note that |[U — UQ||p is minimized when Q = UTU. Thus we have

inf |[U-UQ|r=|U-UUTU|

QERTxT
_ \/tr ((v-007v) (u-0o70)")

- \/tr (UUT) —2tr (ﬁﬁTUUT> +tr (ﬁﬁTUUTﬁﬁT)

- \/tr (UUT) - tr (ﬁﬁTUUT)

= \/7“ —tr (IAJIAJTUUT).
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On the other hand, we have

|[UUT —UU T ||p = \/tr ((ﬁfﬁ - UUT) (ﬁﬁT _ UUT)T)

= \/2r —2tr (ﬁﬁTUUT).
With this inequality, now we can derive

00T -0 =v2- _inf [[U-TQ|r

Xr

=v2. inf [UT-Q"UT|r

QERTXT

V2. inf |[DY(DUT-DQ'U")|r

QeRTXT
<V2-|D! (DUT - D(D*VT\?]S)IAJT) I
=2 D! (VTVDUT - VT\AfﬁﬁT) e

~V2||p~'vT (vDUT - VDU |

< \fQHVDUT - \A/ﬁGTHFH D VT,
_V2|©-8|r
o Umin(®) ’

which completes our proof. [

LEMMA F.17. For any rank r matrices ©,0 € RN*K  we have

- 3( 1 1 .
[sgn(®) —sgn(®)||F < 2( +> 1©—0|F

o(®)  7,(0)
where sgn(-) denotes the matriz sign function, i.e., sgn(®)=UV'T for a matriz ® with SVD UDV .

Proof of Lemma F.17. See Theorem 2.1 of Li and Sun (2006). O
Appendix G: Experiment Details
G.1. Synthetic Data

We create our synthetic data through the following steps. In particular, we consider N =100 worker types
and K =100 job types — i.e., there are N x K = 10,000 number of worker-job pairs. For each of the 50
trials, we generate the ground-truth matching reward matrix® @* € RV*¥ with rank r = 3 as follows. First,
we create two matrices U* € RV*" and V* € RE*", of which the entries are independently drawn from the
uniform distribution on [0, 1]. Then, we multiply the two matrices together and obtain @* =U*V*T.
Offline. We simulate n number of offline matching samples by drawing the matchings X,’s uniformly at
random from the set of all matchings M. n takes the values 20,40,60,80,100 respectively. Each matching
sample ¢ € [n] contains N noisy rewards from its N matched pairs following (2.4). We draw the noises
e™'s iid. from a Gaussian distribution N(0,02) with ¢ = 0.1. For our algorithm, we tune c, (i.e., a

hyperparameter of A stated in Theorem 1) on a pre-specified grid and choose ¢y equal to 0.001.

8 For the online stable matching experiment, ®* represents the worker reward matrix that indicates worker preference
rankings.
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Online. We set our total time horizon T equal to 200,400,600,800,1000 respectively. For the online
optimal matching experiments, we set the number of exploration steps in our CombLRB to be Ej, = ¢T7?%/3 as
advised by Theorem 4 for some hyperparameter g. We tune the hyperparameter ¢ and choose ¢ =1; X is set
in the same way as the offline setting. The implementations of both CUCB and CTS algorithms follow that
described in Section 6 of Cuvelier et al. (2021).

For the online stable matching experiments, we generate the job preference rankings over workers through
the matrix ®*. Each column of ®* is a random permutation of [N]. For the 50 trials, we draw 10 such ®*
independently and then conduct 5 independent trials with each ®*. we set the length of exploration phase
for our CompLRB to be Ej, = qlogT for some hyperparameter q. We tune the hyperparameter ¢ and choose

q=40. X is set in the same way as the offline setting.

G.2. Real Data of Labor Market

We use an individual-level workforce dataset provided by Revelio Labs, which includes comprehensive employ-
ment histories of individuals, including their roles, skills, activities, education, seniority, geographic location,
etc. For our analysis, we focus on software engineers with mid-level seniority employed in the United States
between 2010 and 2015. This subset contains observations from 468,807 software engineers employed by
89,365 different companies.

We group the engineers by their education background. Specifically, engineers who graduate from the
same school are put in the same group. We group all the 37,926 schools into 236 clusters by their sizes,
approximated by the total number of the graduates (i.e., employees) observed in the data. Schools with
similar sizes are grouped into the same cluster. Similarly, companies with similar sizes are grouped into 100
clusters. We finally keep the top N = 50 engineer clusters and K = 50 company clusters with the highest
number of observations to leave out pairs with missing data and very few observations. This procedure results
in a 50 x 50 ground-truth matrix ®*, where each entry represents the empirical probability that an engineer
from a given cluster stays in a company from a corresponding cluster for more than six months.

Our matching observations are generated following (2.4), where the noises are i.i.d. Gaussian with mean 0
and variance 0.1. The variance is set to be the empirical variance across all entries. For online stable matching
experiment, the job preference ranking matrix ®* is generated in the same way as our synthetic experiment.

Similar to our synthetic experiments, we tune all the hyperparameters on pre-specified grids.
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