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Decision-makers often simultaneously face many related but heterogeneous learning problems. For instance,
a large retailer may wish to learn product demand at different stores to solve pricing or inventory problems,
making it desirable to learn jointly for stores serving similar customers; alternatively, a hospital network may
wish to learn patient risk at different providers to allocate personalized interventions, making it desirable to
learn jointly for hospitals serving similar patient populations. Motivated by real datasets, we study a natural
setting where the unknown parameter in each learning instance can be decomposed into a shared global
parameter plus a sparse instance-specific term. We propose a novel two-stage multitask learning estimator
that exploits this structure in a sample-efficient way, using a unique combination of robust statistics (to learn
across similar instances) and LASSO regression (to debias the results). Our estimator yields improved sample
complexity bounds in the feature dimension d relative to commonly-employed estimators; this improvement
is exponential for “data-poor” instances, which benefit the most from multitask learning. We illustrate
the utility of these results for online learning by embedding our multitask estimator within simultaneous
contextual bandit algorithms. We specify a dynamic calibration of our estimator to appropriately balance the
bias-variance tradeoff over time, improving the resulting regret bounds in the context dimension d. Finally,

we illustrate the value of our approach on synthetic and real datasets.
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1. Introduction
Predictive analytics powers data-driven decision-making across many domains. However, many
problems in practice suffer from “small data” — i.e., only a very limited quantity of labeled data is
available from the target predictive task, hindering training of highly accurate predictive models.
As a consequence, a common solution is to leverage training data from related (but different)
predictive tasks to reduce variance. In other words, we have an opportunity to not only learn
within each predictive task, but also across similar tasks. To illustrate, consider the following two
examples from healthcare and revenue management respectively:

ExAMPLE 1 (MEDICAL RISK SCORING). Health providers seek to predict patient-specific risk

for adverse events (e.g., diabetes) in order to target preventative interventions. To this end, in our



experiments in §6, we use electronic medical record data to predict the likelihood of an upcom-
ing Type II diabetes diagnosis for patients. Learning this risk score primarily from patient data
collected at the target hospital (where the patient is being seen and treatment decisions will be
made) is important to account for idiosyncrasies that are specific to the hospital and the patient
population it serves. Indeed, we find that a predictive model trained using electronic medical record
data from one hospital performs quite poorly when evaluated on patients from other hospitals
(see Figure 1 below), with the out-of-sample AUC degrading significantly from 0.8 at the target
hospital to 0.5-0.65 at other hospitals. This is due to a well-known phenomenon called dataset shift
(Quinonero-Candela et al. 2008); in the medical context, this can arise due to systematic differences
across hospitals in diagnosis/treatment behavior, healthcare utilization, or medical coding (see,
e.g., Subbaswamy and Saria 2020, Bastani 2021, Mullainathan and Obermeyer 2017). Therefore, to
obtain good performance for all patients, each hospital faces a distinct learning problem. Yet, we
may expect hospitals that serve similar patient populations to have similar underlying predictive

models, creating an important opportunity to transfer knowledge across problem instances.
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Figure 1 Out-of-sample performance (measured by AUC) of a predictive model trained on data from Hospital
1 evaluated on patients from Hospital 1 (green) and Hospitals 2 - 13 (yellow). Point estimates and 95%
confidence intervals are based on 1,000 random draws. We observe a significant degradation in predictive

performance in non-target hospitals due to dataset shift.

ExXAMPLE 2 (DEMAND PREDICTION). Large retailers need to predict store-specific demand for
their various products to inform dynamic pricing or inventory management decisions. Again, to
protect from dataset shift, it is important to learn this demand model primarily from sales data
collected at the target store (where sales occurred and decisions will be taken); this will account
for idiosyncrasies that are specific to the store and the customer population it serves, including
systematic differences in customer trends/preferences, in-store product placement, or promotion
decisions (see, e.g., Baardman et al. 2020, Cohen and Perakis 2018, van Herpen et al. 2012).

As a result, each store faces a distinct learning problem. Yet, we may expect stores that serve



similar customer populations to have similar underlying demand models, creating an important
opportunity to transfer knowledge across problem instances.

There are numerous other examples where we wish to learn predictive models across related tasks
to inform targeted decision-making policies — e.g., customer promotion targeting for many different
promotions, A/B testing on platforms for many candidate interventions, and clinical trials for
many promising combination therapies. While the data-driven decision-making literature typically
considers a single decision-maker solving an isolated problem instance, we focus on developing
algorithms for the setting with many (potentially simultaneous) related learning tasks. We also
extend our approach to online learning via simultaneous contextual bandits — predictive algorithms
that are effective with “small data” are especially useful here because bandits are largely used in
problems where there is little historical data available, e.g., due to the novelty or nonstationarity
of the learning problem, or the limited population size relative to the feature dimension.

We build on the transfer and multitask learning literature (Caruana 1997, Pan et al. 2010), which
proposes general algorithms to transfer knowledge across problem instances to improve learning.
Unfortunately, these algorithms typically do not improve parameter recovery bounds (ignoring
constants) — i.e., they do not significantly improve predictive performance compared to treating
each learning task as its own independent problem. Indeed, in general, transfer or multitask learning
cannot improve predictive accuracy without assuming some form of shared structure connecting
the different problem instances — intuitively, if the predictive tasks are unrelated, then learning in
one task cannot significantly improve learning in others (Hanneke and Kpotufe 2020). Our work
bridges this gap by imposing a natural shared structure — sparse heterogeneity — motivated via
real datasets. By designing a multitask estimator that efficiently exploits this structure, we obtain
improved performance bounds in the context dimension d for offline and online learning.

Sparse Heterogeneity. Each problem instance (or, task) j is parameterized with a predictive
parameter vector 37 — e.g., the parameters of a linear regression model predicting the reward of

each decision as a function of the observed features. Without loss of generality, we can write
B =p"+0,

where 7 represents the portion of the parameter vector that is “shared” across similar tasks,
and §7 is the task-specific portion that represents idiosyncratic biases specific to task j. Sparse
heterogeneity imposes that the task-specific bias 67 is sparse — i.e., only a few of its components
are nonzero (see, e.g., Bastani 2021, Xu et al. 2021, Tian and Feng 2022, Li et al. 2023). Prior work
has argued that this is the case when some (unknown) mechanism systematically affects a subset
of the features, e.g., some hospitals under-diagnose certain conditions (Bastani 2021), or a domain

change affects the meaning of a subset of words in natural language (Xu et al. 2021).



We empirically examine this assumption in the context of our previous Example 1. Specifically,
we train separate linear models {B\J 72, for predicting diabetes risk at each of the 13 hospitals
using hospital-specific electronic medical record data. Then, we use the trimmed mean to estimate
the shared model (for reasons explained in §3), and compute the resulting task-specific parameters
{89 2, for each hospital by subtracting the estimated shared parameter from (B }i2,. If there
was no idiosyncratic task-specific bias for each hospital, these parameters would be statistically
indistinguishable from zero; on the other hand, if the predictive tasks for each hospital had no
shared structure, these parameters would be large and non-sparse. Each row of Figure 2 below
shows a heatmap of the nonzero coefficients of the task-specific parameter |37| across 77 features
used for prediction. We find that each task exhibits statistically distinguishable hospital-specific
idiosyncrasies in the underlying predictive model. Furthermore, in support of our hypothesis of
sparse heterogeneity, each ng llo <8< 77, i.e., task-specific parameters are s-sparse with s/d < 0.1

(see Appendix G.3 for more details).
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Figure 2  Heatmap of nonzero coefficients given by the estimated task-specific parameters {|¢/|};2, for each
hospital. Each row represents one of 13 hospitals and each column represents one of 77 features extracted from
the data. Nonzero coefficients are determined by a bootstrap hypothesis test across 500 random draws of the
data (see Appendix G.3); we set coefficient i of row j to be zero if the null hypothesis (5ji) =0) is not rejected at

a 5% significance level. Each ||;5\j\|o < d, lending support for our hypothesis of sparse heterogeneity.

Existing multitask learning algorithms (e.g., pooling data or regularizing estimates across prob-
lem instances) are not designed to leverage this structure (see §1.1 for an overview of current
methods). Thus, we first propose a novel two-stage multitask estimator, RMEstimator, that exploits
this structure in the supervised learning setting. In the first stage, it leverages the trimmed mean
from robust statistics (Rousseeuw 1991, Lugosi and Mendelson 2021) to estimate a “shared” model
BT across data collected from similar tasks.! Then, in the second stage, it uses LASSO regression

! Note that we do not attempt to estimate the original shared parameter BT, since it is not identifiable; rather, as
discussed in §3, it suffices to estimate some 81 that lies in an £y ball of radius O(s) around gt



(Chen et al. 1995, Tibshirani 1996a) to efficiently learn the task-specific bias §7, which can be
combined with our estimate of 37 to obtain the task-specific parameter 37. We prove finite-sample
generalization bounds that show favorable performance (compared to popular baselines), especially
in terms of the feature dimension d; importantly, this error bound improvement is exponential for
“data-poor” learning tasks, which stand to benefit the most from shared learning.

As noted earlier, we believe such a data-efficient approach is especially useful for bandit problems,
since they often operate with limited historical data. To this end, we extend our results to online
learning by embedding the RMEstimator within simultaneous linear contextual bandit algorithms
running at each problem instance. We specify a dynamic calibration of our estimator within the
RMBandit algorithm to appropriately balance the bias-variance tradeoff arising from incorporating
auxiliary data from similar bandit instances (multitask learning) in conjunction with the classical
exploration-exploitation tradeoff (bandit learning). We derive upper bounds for the cumulative
regret of the RMBandit, demonstrating improvements in the context dimension d; analogous to the
offline setting, this regret improvement is exponential for data-poor bandit instances.

Finally, we empirically evaluate our approach on both synthetic and real datasets in healthcare
and pricing. We find that our multitask learning strategy based on the RMEstimator substantially

speeds up learning and improves overall performance in both offline and online settings.

1.1. Related Literature
Our work relates to the literature on multitask learning and contextual bandits; we contribute on
both fronts. Our approach builds on the literature on robust and high-dimensional statistics.
There has been significant interest from the machine learning community on developing methods
that combine data from multiple learning problems (typically referred to as tasks). These can be
broadly classified into three categories: (i) multitask learning (Caruana 1997), where one aims to
learn jointly across a fixed set of similar tasks, (ii) transfer learning (Pan et al. 2010), a special
case of multitask learning, where the goal is to maximize performance on a distinguished “target”
task, and (iii) meta-learning (Finn et al. 2017), where one aims to learn from historical tasks to
improve learning in similar future tasks. Our problem is an instance of multitask learning, since
our goal is to learn across a fixed set of problem instances with related unknown parameters.
Multitask Learning. Naturally, if the tasks are sufficiently different, then learning in one task
cannot substantially improve learning in other tasks (Hanneke and Kpotufe 2020). Thus, a common
approach in machine learning is to assume that the underlying parameters across tasks are close
in ¢5 norm. Joint learning can then be operationalized by regularizing the estimated parameters
together, e.g., through ridge (Evgeniou and Pontil 2004) or kernel ridge (Evgeniou et al. 2005)

regularization. Alternatively, one can employ a shared Bayesian prior across tasks (Raina et al.



2006, Gupta and Kallus 2021) or simply pool data from nearby tasks (Ben-David et al. 2010,
Crammer et al. 2008). However, these approaches do not improve performance bounds beyond
constants; in general, one must impose (and exploit) additional structure to obtain nontrivial
theoretical improvements. Bastani (2021) uses real datasets to motivate the assumption that the
parameters across tasks are close in £y norm. This structure motivates a two-step estimator of
transfer learning using LASSO regression, yielding improved bounds in the feature dimension d
for supervised learning (Bastani 2021, Li et al. 2020a, Tian and Feng 2022, Li et al. 2023) and
unsupervised learning (Xu et al. 2021). One can further impose that the underlying parameters
for each task are sparse, sharing the same support (Lounici et al. 2009, Li et al. 2023) or similar
covariance matrices (Li et al. 2020a, Tian and Feng 2022) across tasks; we do not make these
assumptions since the applications we consider often have dense underlying parameters (see, e.g.,
Bastani 2021) and the covariance matrices vary widely across tasks due to covariate shifts (e.g.,
due to different customer populations at hospitals or stores, see Subbaswamy and Saria 2020).

We build on the last stream of two-step estimators for the multitask learning problem. However,
we need a fundamentally different algorithmic approach; as we discuss in §3, the challenge is
that the sparse bias terms can be poorly aligned across tasks, and thus classical estimates of the
shared model (e.g., via data pooling or model averaging) destroy task-specific sparse structure
and therefore cannot be debiased using LASSO (as was the case in prior work). Instead, we take
the view that each component where the bias terms align poorly suffers “corruptions” to the
shared model; we use a counting argument to show that either the number of corruptions must
be small, or the component is one of a small number of well-aligned components. We use robust
statistics to overcome corruptions for poorly-aligned components and LASSO to debias well-aligned
components. To the best of our knowledge, our work proposes the first such combination of robust
statistics and high-dimensional regression, yielding improved bounds for multitask learning.

The first step of our approach (using robust statistics) relates to recent robust machine learning
methods that can handle adversarial corruptions to a small fraction of the data (Yin et al. 2018,
Konstantinov and Lampert 2019). These approaches do not apply to our setting — as a conse-
quence of our sparse differences assumption, we show that only a few similar tasks (as opposed
to observations or features) have unknown parameters that are “corrupted” in most dimensions.
Rather, we build on the classical trimmed mean estimator (Rousseeuw 1991, Lugosi and Mendel-
son 2021). The second step (using LASSO) builds on the high-dimensional statistics literature
(Tibshirani 1996a, Candes and Tao 2007, Bickel et al. 2009, Biithlmann and Van De Geer 2011).

Multitask Bandits. A few recent papers have studied multitask learning across contextual
bandit instances; however, to the best of our knowledge, a key drawback of these algorithms is

that none of them ultimately improve the regret bounds for any bandit instance beyond constants.



Similar to the multitask learning literature discussed above, one strategy is to regularize the learned
parameters for a given bandit instance towards parameters for similar bandit instances (Soare et al.
2014). For example, Cesa-Bianchi et al. (2013) and Deshmukh et al. (2017) leverage parameter
updates that are similar to kernel ridge regularization, and Gentile et al. (2014) additionally perform
a pre-processing step clustering bandit instances prior to such regularization; however, the resulting
regret bound for a single bandit instance may actually increase in the number of instances N.
Another popular approach is to impose a shared Bayesian prior across bandit instances (Cella et al.
2020, Bastani et al. 2021c, Kveton et al. 2021), but they also obtain similar results; furthermore,
these algorithms require the more restrictive assumption that bandit instances appear sequentially
(rather than simultaneously) in order to learn the prior. We embed our robust multitask estimator
across N linear contextual bandit instances; the specific setting and assumptions we consider are
based on Goldenshluger and Zeevi (2013), Bastani and Bayati (2020). We demonstrate that, unlike
prior work, we obtain improved regret bounds for each bandit instance in the context dimension
d under the practically-motivated sparse heterogeneity assumption; the improvement we obtain is
exponential for data-poor instances where shared learning is most helpful.

We empirically illustrate the value of our approach on well-studied data-driven decision-making
problems that leverage contextual bandit algorithms, such as personalized healthcare (Bastani and

Bayati 2020, Zhalechian et al. 2022) and dynamic pricing (Ban and Keskin 2021, Wang et al. 2021).

1.2. Contributions
We highlight our main technical contributions below:

1. In §3, we introduce the RMEstimator for multitask learning, which leverages a unique combina-
tion of robust statistics (for learning a shared model across tasks) and LASSO (for debiasing
this shared model for a specific task). In §4, we prove upper and lower bounds demonstrating
that our estimator outperforms intuitive baselines, and improves existing error bounds in the
feature dimension d; notably, this improvement is exponential for data-poor tasks.

2. We extend the RMEstimator to several settings of interest, including robustly learning in the
presence of some “outlier” tasks (§4.4), under generalized linear models (§4.5), and when we
must choose the subset of similar tasks to learn from (§4.6). Our results generalize naturally.

3. In §5, we embed our estimator in a multitask contextual bandit framework and propose the
RMBandit algorithm, with a suitable dynamic calibration of the RMEstimator. We introduce a
new batching strategy to ensure conditional independence of our parameter estimates across
bandit instances for the multitask setting. The resulting regret bounds analogously exhibit up
to exponentially improved scaling in the context dimension d.

Finally, we conclude with numerical experiments on both synthetic and real datasets.



2. Problem Formulation
This section formulates multitask learning under sparse heterogeneity in the offline supervised
learning setting; we extend our results to the online contextual bandit setting in §5.

Notation. Let [n] denote the index set {1,2,---,n}. For any vector 8 € R? and i € [d], let ;) be
the i'" element of 3; for any index set Z C [d], let 37 denote the vector obtained by replacing the
elements of B that are not in Z with 0’s. We use superscripts to index the task, e.g., the design
matrix X7 represents the covariates observed at task j. Further, for any square matrix ¥ € R%x¢,
let Apin(X) and A\ (X) denote its minimum and maximum eigenvalues respectively. We use the
subscript (i,-) to index the i*" row of a matrix, (-,5) to index the j** column, and (i, ) to index
the (4,7)™ element, e.g., X(; ) is the ™ row of matrix X.

Model. We consider N distinct problem instances, each facing a linear learning task, e.g., N
service providers such as hospitals in Example 1 and stores in Example 2; each task j € [IV] has
n; observations (e.g., patients or customers). An observation i is associated with a d-dimensional

feature vector X; € R%. The response Y; of an individual i from task j has
1/vi - X:ﬁj + €iy

where the noise ¢; is an independent o;-subgaussian random variable (see Definition 1). Let the
vector Y7 € R" encode all observed responses in task j, and the vector €/ € R" encode the
corresponding noise terms.?

DEFINITION 1. A random variable Z € R with mean p=[E[Z] is o-subgaussian if, for any A € R,
E [exp (M(Z — )] < exp (02X2/2).

The formulation above captures any N linear instances; we now impose our assumption on sparse
heterogeneity. As discussed in the introduction, we impose that each task’s predictive parameter
can be decomposed into a shared parameter 37 (that captures the similarity across all N instances)

and a task-specific parameter 67 (that captures idiosyncratic behavior inherent to task j):
B =p"+0,

where 7 is sparse (i.e., ||67]|o < s for some s € N) for all j € [N]. This key assumption enables us
to learn across instances efficiently. Note that we do not assume that the individual parameters
{B7}je;n or the shared models ' are themselves sparse, since the responses can often depend on

the entire set of observed covariates (see, e.g., discussion in Bastani 2021).

2 Note that the subgaussian parameter o; for the noise is task-dependent; this is because different providers serve
potentially very different populations, which is reflected in their feature/noise distributions.



REMARK 1. Note that the choice of the shared vector 3" here is not unique — e.g., changes up
to O(s) components of 3T preserve the sparsity of 7 up to constant factors — and therefore is not
identifiable. As we describe in §3, it suffices for our purposes to estimate any vector ET that lies in
an O(s) ball in ¢, norm centered around an admissible choice of 3.

For each task j, we construct the usual design matrix X’ € R"%*¢ | where the i row X{Z) =X,
Following standard practice for regularized regression (Tibshirani 1996b, Hastie et al. 2009), we

standardize each feature such that each column ¢ of the design matrices satisfies
1 wi 2
n7j||X(~,i)||2:1' (1)

We further define the corresponding sample covariance matrices as
N
s XX
n;

Due to our normalization, every entry on the diagonal of S is 1.

Performance. Our goal is to use the observed data {(X7,Y7)};cin to estimate the unknown
parameter vectors {37}, () for all tasks. We measure the performance of an estimator Ej by its £;
error, i.e., || Bj — B7||1; a good estimator Bj has a small estimator error, and hence a small prediction
error by noting that | X (37 — 89)| < || X:||e |87 — 87

We first analyze the fixed design setting where the observations X7 are treated as given and
normalized as in (1) (§4.1). We then show how our results straightforwardly extend to the random
design setting where X, is drawn i.i.d. from some (potentially unknown) distribution P% (§4.3).
Note that the feature and noise distributions can vary as a function of the task j, since different
providers serve different populations.

Regimes of Interest. While our primary result on the performance of the RMEstimator (Theorem 1

N
j=1

in §4.1) is general with respect to the sample sizes {n;} we will find it useful to interpret
the implications under two intuitive regimes. The first is the “standard” regime where all tasks
have roughly similar numbers of observations (i.e., n; =©(n;) =0(n/N) for any j,j’ € [N], where
n=> eV n;). However, in some settings, some service providers may receive substantially less
traffic than others (e.g., a rural hospital in Example 1 or a relatively small store in Example 2).
Thus, we also consider the limit where some task j € [N] is relatively “data-poor”, receiving far
less traffic than other tasks (i.e., n; = ©(n//d?) for any j' # j); we refer to this as the “data-
poor” setting (Theorem 2 in §4.2). We focus on a single data-poor task for simplicity; our results

generalize straightforwardly to the case where there are a constant number of data-poor tasks.

3. Robust Multitask Learning
In this section, we overview our robust multitask estimator RMEstimator (§3.2) and provide intu-
ition for its design (§3.3). §3.4 illustrates the statistical benefits of our approach relative to intuitive

baselines.
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3.1. Preliminaries

We define and briefly review the trimmed mean estimator from the classical robust statistics litera-
ture (Rousseeuw 1991, Lugosi and Mendelson 2021), which computes the mean of a distribution P
given samples {Z;}cnj. A typical setting is as follows: most of the samples are i.i.d. (i.e., Z; ~P),
but a small fraction (indexed by an unknown set J C [N]) are “corrupted” and can be arbitrary.
Here, the traditional mean can be arbitrarily biased, but the trimmed mean obtains strong guaran-
tees given a bound on the number of corrupted samples | J| < (N for some ¢ < 1/2. The trimmed

mean estimator first sorts the samples in increasing order to obtain Z; <--.- < Z,; , where the

IN>
subscript j, is the index of the (" smallest sample. Then, given a hyperparameter w > (, it removes

the top and bottom w quantiles or Nw values and takes the mean of the remaining ones — i.e.,

N(1-w)

TrimmedMean ({Z;};e(n;, w) = N(1—2w) Z

t=Nw+1
Intuitively, this estimator is robust since either the corruptions are among the deleted values, or

they are sufficiently close to the true mean that they do not significantly affect the estimate.

3.2. Algorithm Description

Our robust multitask estimator is summarized in Algorithm 1. At a high level, the first step com-
bines high-variance ordinary least squares (OLS) estimators across instances using robust statistics
to estimate the shared parameter 8% (up to O(s) deviations in £, norm); then, the second step uses

LASSO regression to debias this estimate for each task j € [N].

Algorithm 1 Robust Multitask Estimator (RMEstimator)

Inputs: \,w
Initialize \; = A/ /n;
for j € [N] do
Let Efijnd = (XJTX)71XTYJ be the OLS estimator for task j
end for
for i € [d] do

Let E&M’(i) = TrimmedMean({Bi{ld’(i)}jem, w) be the element-wise trimmed mean
end for
for j € [N] do

Compute Hy = argmin { L[X78 ~ Y73+ A, 18~ Bl }
end for

Outputs: {4y }ev

In more detail,
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e Step 1 (Estimating 37): We compute the usual OLS estimator
Bha = (XX XY

for each task j € [N] independently. Then, we combine these estimates using the element-wise

trimmed mean to estimate the shared parameter vector @T{M ~ (Bt — i.e., for each i € [d],

B;{M,(i) = TrimmedMean <{6ijnd,(i)}j€[N]7 W) ) (2)

where w > 0 is the trimming hyperparameter that we specify later. (Recall that the subscript (7)
represents the i'" entry of the vector.)
e Step 2 (Estimating /7) : Next, we use LASSO regression to compute BIZ{M, leveraging our

assumption that the instance-specific bias term 37 — 37 is sparse:
. ) 1 , , ~
Blou = argmin { X5 Y73+ Ay 13- Bl |
J

3.3. Design Intuition
We now provide intuition for our design choices relative to alternative strategies; the corresponding

error rates are summarized in Table 1 (see §3.4 for precise definitions and more details).

Estimator Estimation Error Bound Type
Standard Regime Data-Poor Regime

o~

Independent B3, -4 -4 Lower
Ny ) e ) J ) J
Averaging 3], or Pooling ., 67|, + J‘fmj 1671 + lenj Lower
. . Yl min{Ns,d} d min{Ns,d}
Averaging Multitask 54, Yo or — Lower
; Bl [sd d s
Robust Multitask %y o + TN N Upper

Table1  Comparison of parameter estimation error supg E [||B\J - ,6j||1] (see §3.4 for the precise definitions of
these estimators); constants and logarithmic factors are omitted for clarity. The upper bound for our robust
multitask estimator outperforms the worst-case lower bounds for intuitive baseline estimators under the same set

of problem settings G; our improvement is largest for data-poor tasks.

One strategy is to simply use the independent OLS estimator Bﬂld (from Step 1) to estimate
(37 this is an unbiased estimator, but has very high variance since it only uses the limited data
observed in task 7 and does not leverage shared structure across instances. As a result, it has high
error when n; is small (see Table 1).

An alternative strategy is to estimate the shared model 57 using data across instances, e.g., the

averaging estimator takes the model average of the independent estimators:

. 1 ~
zng = N Z Bind'
1€E[N]
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This estimator has low variance since it leverages data across tasks, but it is biased since it does not
account for the task-specific idiosyncratic bias term §7 = 37 — 7. Similarly, estimating the shared
model B! through OLS on data pooled across instances suffers the same drawbacks. As shown in
Table 1, the error of such estimators never approaches zero due to the bias term 7.

Thus, a natural two-step strategy to achieve low variance and low bias is to first compute an
estimate E T of the shared parameter, and then try to debias it to estimate 7. Since the bias 57 — 1
is s-sparse by assumption, it should intuitively be easier to debias ET than to directly estimate (37.

Along these lines, consider the following averaging multitask estimator, denoted by the subscript
AM. Here, we estimate the shared parameter via model averaging, BZM = Agvg. Then, we use an ¢,

penalty on [ — B\LM (i.e., LASSO regression) on data from instance j to debias Bjuvﬁ
. (1 , ~
B = angamin { - IX5 = Y3+ 018~ Bl | )
J

(Note that this strategy is identical to Algorithm 1, except it uses the traditional mean instead of
the trimmed mean in Step 1.) To see why equation (3) helps, suppose we had a perfect estimate
of the shared model EXM = B3T: then, 7 — B\ZM would be s-sparse, in which case LASSO requires
exponentially fewer observations for recovering 37 (relative to BLM) than traditional OLS.

The issue with the approach outlined above is that 37 — B\ZM is not s-sparse, or even “close” to

being s-sparse. To illustrate, we can decompose

. PN . ~ ~ ~ ~ 1 .
B - 5);1\/1 =p - el +5T - me + BLM - BLM , where ﬂLM = N E B’ (4)
—_—— —— —_— ;
s-sparse (Ns)-sparse  not sparse but small JE[N]

Here, ELM is the value that BLM converges to as n; — oo for all j € [N]. Note that B\LM does not
converge to (3'; in fact, as noted in the problem formulation, 37 is not identifiable. The first term

in the decomposition is sparse, and the third term becomes small as n="> n; becomes large

JEIN)
(since BLM effectively uses all n samples to estimate BLM); since LASSO can effectively recover
parameters that are approximately sparse, these two terms are not problematic. The key issue is
the second term:
D M CE RS O]
JE[N] JE[N]

which is neither sparse nor small. This is illustrated in Figure 3: since the support of the different
bias terms {0;},c(n] can be “poorly-aligned” (i.e., the idiosyncrasies for each task affect a different
subset of features), the average across instances can result in SLM having as many as min{Ns,d}
nonzero components (even as n; — oo for all j € [N]). This in turn implies that 37 — BLM is not
sparse even for moderate values of N such as N = Q(d/s); thus, we cannot use LASSO to efficiently
debias ELM Other classical estimators of the shared parameter (e.g., data pooling) suffer the same

issue.
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Figure 3 lllustration of Step 1 of our robust multitask estimator for debiasing data collected from multiple
instances. Blue squares depict the support; the shade of blue depicts the magnitude. Z,.or represents the index set
which can be debiased using the trimmed mean across instances, while Z,,¢ represents the index set which can be

debiased using a subsequent LASSO regression for the target instance.

REMARK 2. Recall Figure 2, mapping the estimated bias terms {&}ie[ ~] from electronic medical
record data for diabetes prediction (Example 1). Indeed, we observe that {Ei-}iem are “poorly-
aligned” (i.e., share support on different subsets of features), similar to the illustration in Figure 3.

Our robust multitask estimator addresses this issue by using the trimmed mean BIT)\M in Step 1;

we will show that this converges to a value 8, (as n; — oo for all j € [N]) such that
SIT%M = EJ&M — " = TrimmedMean ({,Bj Yietn) — Gt w) = TrimmedMean ({5j }iernys w)

is O(s)-sparse. In particular, we have the following decomposition:

B —Bhy=0 -8 +8" = Bhu+ Bhu—Bhu - (5)
s-sparse O(s)-sparse not sparse but small

As discussed above, the third term becomes small as n becomes large. Since the second term ngvLM
is O(s)-sparse, 37 — BE{M is approximately O(s)-sparse; thus, LASSO can efficiently debias B\E{M
We now use a counting argument to illustrate why (ELM is O(s)-sparse. As Figure 3 illustrates,
we can separate the components i € [d] into two groups: ones that are “well-aligned” (i € Zyen)
and ones that are “poorly-aligned” (i € Z,o0,); see Definition 2 below. A poorly-aligned component
i is one where very few tasks j € [N] are biased in this component, i.e., Bfi) # 62;). Intuitively,
for each such component, the trimmed mean estimator treats these biased tasks as “corruptions”
to our samples {Bfi)}je[N], and trims them (with high probability) when computing the average
to obtain an unbiased estimate of B(Ti). On the other hand, well-aligned components may remain
arbitrarily biased. However, the pigeonhole principle implies that there cannot be many well-aligned
components; thus, these components (in addition to the components affected by the sparse task-

specific bias term) can be efficiently debiased by LASSO in Step 2. We now formalize this.
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DEFINITION 2 (WELL- AND POORLY-ALIGNED COMPONENTS). Given a constant ¢ € [0,1], a

component i € [d] is ¢-poorly-aligned (denoted i € Z§,,.) if

poor

{7 € INV| B,y # By} _
N

C.

Otherwise, it is ¢-well-aligned (denoted i € Z¢,).
In other words, a component i is (-poorly-aligned if at most { fraction of the N tasks satisfy

ZZ.) #* B(TZ.). Now, Step 1 constructs an estimator B\;M of BT that converges to

B if i € IS

ot — poor
Prac.i {unspeciﬁed if i € IS,
as the sample sizes {n,};cn) become large. That is, we aim to correctly estimate all the poorly-
aligned components, but the well-aligned components can be anything. We estimate each compo-
nent B(Ti) using the trimmed mean, which is robust to a small fraction ¢ of arbitrarily corrupted

samples. For a given component %, let the corresponding corrupted tasks be

Ji={j €[N| Bl # B, -

By definition, for i € ZS,,,, we have |7;| < N¢. Thus, we can use the trimmed mean estimator to

poor

estimate B(Ti):
5121\/1,(1') = TrimmedMean <{ﬁfnd7(i)}jE[N], w)

for some w > (. This strategy ensures that B;M)(i) ~ B(Ti) for each poorly-aligned component as
desired. Now, note that there can only be a few well-aligned components. In particular, out of
the Nd total components in {ﬁé)}jem, there are at most Ns components where Bfi) =+ Bgi) as a
consequence of our sparse heterogeneity assumption. Then, by the pigeonhole principle, we have

Ns s
N¢ ¢

In other words, there are at most s/¢ well-aligned components, so SIELM is O(s)-sparse as desired

vaell‘ S

(6)

(for a constant choice of ¢). Thus, we can efficiently debias our estimate using LASSO in Step 2.

For simplicity, we will use Z,,0 and Z. to represent ¢ , and IVCV

poo

, in the following whenever no

el
ambiguity is raised.

3.4. Comparison with Baselines

With the intuition from §3.3 in hand, we now formalize the results for the baseline estimators in
Table 1. In particular, we contrast the upper bound of our estimator (that we will derive in §4.1)

with lower bounds of these baselines. The proofs are provided in Appendix B.
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We characterize the estimation error of an estimator Bj through the following loss function:
(B, ) =swpE |7 - #]1] (7)

where G = {{X7};en1, {87 }jeny, {P? } (v} is the set of problem instances that satisfies our fixed
design formulation in (1) and has positive-definite sample covariance matrices {37 }iern) (see
Assumption 1 in §4.1), ensuring that the independent OLS estimators are well-defined. P is the
distribution of the subgaussian noise €’; the expectation is taken with respect to the distribution
PJ. This choice of G ensures that our upper and lower bounds are with respect to the same class
of problem instances. We consider the following estimators:

e Independent OLS: This is the OLS estimator 3/, = (X7 X7)~'X Y7 trained on data only

from task j; it does not transfer information or perform any learning across tasks.

PROPOSITION 1. The estimation error of the independent estimator in both the standard and

data-poor regimes satisfies

e Averaging & Pooling: The averaging estimator Bavg N Zle ! q 1S & common approach
that averages the independent OLS estimates across tasks to reduce variance (see, e.g., Dobriban
and Sheng 2021); the pooling estimator Bgool = (Ziem X”Xi)i1 (Zle N] XlTYz) pools data
across tasks and then train a single OLS estimator (see, e.g., Crammer et al. 2008, Ben-David
et al. 2010). Note that both two estimators do not vary across instances j’s. The pooling estimator,
different from the averaging estimator, accounts for differences in the sample covariance matrices

¥ =XJTX7 /n; across instances.

PROPOSITION 2. The estimation error of the averaging (pooling) estimator in the standard

regime satisfies

d
(Bl ) = (uaﬂu . W)

and in the data-poor regime satisfies

1
B =2 (o], 42

e Averaging Multitask: This two-step estimator Efo is described in detail in §3.3. It is an

ablation of our robust multitask estimator that uses the traditional mean rather than the trimmed
mean in Step 1. The proof follows a LASSO lower bound argument as in Theorem 7.1 of Lounici
et al. (2011), where \; takes the value chosen to upper bound the estimation error. The lower

bound on the error of this estimator demonstrates the importance of robustness.
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32(1+D0)aj2. log(4d)

PROPOSITION 3. Let the hyperparameter \; = \/ — for some constant Dy > 3.
J

Then, the estimation error of the averaging multitask estimator in the standard regime satisfies

~ iy o [ min{Ns,d} d
g(ﬂAM?ﬁ )_Q< m +M)7

and in the data-poor regime satisfies

min\{/Jg, d}) |

As shown in Table 1 (and proven in the next section), the upper bound of our RMEstimator

WP ) =0 (

outperforms the lower bounds of these estimators by leveraging sparse heterogeneity.

4. Theoretical Guarantees for Multitask Learning

Next, we prove performance guarantees for the RMEstimator under both fixed (§4.1) and random
(§4.3) design; the statistical benefits of our approach are magnified for data-poor tasks (§4.2). We
extend the RMEstimator to several settings of interest, including robustly learning in the presence
of some “outlier” tasks (§4.4), under generalized linear models (§4.5), and when we must choose a

subset of similar tasks on which to share learning (§4.6).

4.1. Main Result
Our fixed design result holds under the standard assumption that the sample covariance matrices
(i }iern) are positive-definite (Hastie et al. 2009), i.e., the OLS estimator is well-defined for each

task. (We will subsequently relax this assumption for random designs and for data-poor tasks.)

AssuMPTION 1 (Positive Definiteness). There exists a constant ¥ > 0 such that, for any

instance j € [N], we have Apin(37) > 1.

We first show an intermediate result on the error of the trimmed mean estimator (Step 1 of our

RMEstimator) for N data samples, of which ¢ fraction may be arbitrarily corrupted.

PROPOSITION 4. Suppose we are given N samples {Z;};ciny and a subset J C [N] of size
|J| < (N with 0 < { <1/2, such that {Z;};c7c are independent o;-subgaussian random vari-
ables with equal means p = E[Z;] and {Z;};c7 can be arbitrarily corrupted. Then, letting [ =
TrimmedMean({Z;};cin), w) with w = +n, we have

_ 3 Nn?
Pl —pl > Comaxo; (3¢ +4n) 4 /log(—)| <3exp | — :
jege n 9

for any 0<n<1/2—-1/Cy— ¢ with some constant Cy > 2.
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The proof is provided in Appendix A.1. We use this result to show that B;M,( ;) 1s close to the true
mean B(TZ.) for poorly-aligned components i € ZS,.. This result is similar to classical results from
robust statistics (see, e.g., Li 2019), but existing results typically assume that the uncorrupted
samples are i.i.d. (see, e.g., Li 2019, Lugosi and Mendelson 2021), whereas we only require inde-
pendence (since we wish to apply it to {,6A’fn d7(i)}j€[ ~], Which might not be identically distributed).

As described in (5) in §3.3, the remainder term 37 — //B\IT%M is approximately sparse, allowing us to
use the LASSO estimator (Step 2 of the RMEstimator) to efficiently recover each task-specific 3.

This yields our main error bound for the RMEstimator:
PROPOSITION 5. Under Assumption 1, the estimator B}%M satisfies

6)\j8 o2 3
+ Cod (3¢ + 4n) ma: ' log(—
od (3C+dn) maxy 7= 108()

18k = 87111 <

S

?

AZn;
3;%5_)), for any A\; >0, 0<n<1/2—

with at least probability 1 — <3dexp (—NTYF) + 2d exp <_
1/Co—¢ and 0 < ¢ < 1/2 with some constant Cy > 2.

We provide a proof in Appendix A.2. Proposition 5 holds generally for any choice of regularization
parameter A;, but we can choose it to minimize the error bound.

To better interpret the resulting implications, as discussed in §2, we consider a “standard” regime,
where all tasks have roughly similar sample sizes, i.e., n; = ©(n;) = ©(n/N) for any j,j" € [N],

where n=>3" e M- Under this regime, we have the following theorem for any instance j:

THEOREM 1. Under Assumption 1, the estimator szM satisfies

~ A ~ sd d
J _AJ :O - + - ,
1B — B 111 ( m T”;‘)

with at least a probability of 1 — & for any & > exp (—%(%}2)2+10g(6d)> with some constant

Cy > 2, for appropriate choices of hyperparameters ¢, n, and X\ provided in Appendix A.2.

The proof is provided in Appendix A.2, and follows essentially from Proposition 5. It is useful
to compare the bound above with that of a single task j in the same setting, but which does
not leverage knowledge sharing with other simultaneous tasks. Recall that the independent OLS
estimator Bﬂ]d on task j yields an estimation error of O(d/,/n;). In contrast, if the number of
tasks is at least N = Q(d/s), our robust multitask estimator has an estimation error of at most
O (W ) with high probability, i.e., it improves the upper bound by a factor of v/d. This can be
a substantial improvement in high dimension (large d) and underscores the value of learning across
tasks. When we have very few tasks from which to share knowledge (i.e., N = o(d)), multitask
learning is still effective; in the worst case, we obtain the same estimation error as the independent
OLS estimator. As we show in §6, we obtain improved empirical results in practice even for modest

values of N. As we will discuss in §4.2, our improvement is much larger in the data-poor regime.
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REMARK 3. In Appendix A.8, we show minimax lower bounds that are tight for the data-poor
regime, but slightly loose (by a factor of O(1/d/s)) in the standard regime.

4.2. Data-Poor Regime

As discussed earlier, multitask learning is especially effective for data-poor tasks, since shared
learning can substantially reduce variance in estimation. To illustrate, we consider a task j which
has roughly a factor of d* fewer observations — i.e., n; = ©(n;/d?) for any j’ # j. Note that the
data-poor task resides in a high-dimensional setting (since n; < d), and therefore is unlikely to
satisfy Assumption 1 on positive-definiteness. Thus, we replace it with the weaker compatibility
condition — a standard assumption in the high dimensional literature (Bithlmann and Van De Geer
2011) — which only imposes positive-definiteness in a restricted subspace containing /37.

DEFINITION 3. Define the set of matrices for a set S and a parameter ) >0 as
C(S, ) ={Z e R [[S|v"Zv > ¢|lvs||7, Vl[vse|h < 7l|vsh}-
AssumPTION 2 (Compatibility Condition). There exists a constant 1 >0 such that, for the
data-poor task j, we have £ € C(Z;,), where I; = Ty UL; with Z; = {i € [d] | Bgi) # B(Ti)}.

REMARK 4. We also make a minor modification to Algorithm 1 in the data-poor regime: we
omit the data-poor task j from the trimmed mean in Step 1 since Bijnd has very high variance. This
outcome can also be achieved by increasing the value of the trimming hyperparameter w.

With this modification, we have the following theorem for a data-poor task j:

THEOREM 2. Under Assumption 2 for the data-poor task j and Assumption 1 for all other tasks

i # 7, the estimator E%,/M satisfies

1B — 7], =0 ( ﬁ)

with at least a probability of 1 —§ for any § > exp (—%(%_02)2 +log(6d)) with some constant
Co > 2, for appropriate choices of hyperparameters , n, and X\ provided in Appendix A.S.

The proof is provided in Appendix A.3, and is similar to that of Theorem 1. For the data-poor task,
our estimation error depends only logarithmically on the feature dimension d (as opposed to linearly
for independent OLS). In other words, the RMEstimator exponentially reduces the estimation error
(see Table 1), which is especially valuable in data-poor problems.

It is worth noting that the error of task j scales as if the parameter 37 is s-sparse. However,
our parameters are not sparse, i.e., ||3?|lo = d. Rather, we achieve this scaling as a consequence of
multitask learning. When related tasks are data-rich, they provide a good estimate of the shared
model B', which allows us to substantially reduce the dimensionality of our estimation problem
by focusing on learning only the task-specific bias term (which is sparse) rather than 37 (which is

dense). This intuition aligns with similar settings considered in Bastani (2021), Xu et al. (2021).
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4.3. Random Design

Our main result in §4.1 holds under a fixed design — i.e., the {X7};¢(n; are observed. As discussed
in §2, our results straightforwardly extend to random designs, where each row of X7 is randomly
drawn from a distribution 73§(. Now, instead of assuming positive-definiteness for each sample

covariance matrix (Assumption 1), it suffices to only assume it for each true covariance matrix.

AssumpPTION 3 (Positive Definiteness). There exists a constant @Z > 0 such that for any j €
[N] we have Apin(37) > .

Note that, under a random design, we can no longer standardize the features as in (1). Thus, we

also assume that the observed features are bounded.
AssumMPTION 4 (Boundedness). There exists a constant .. >0 such that || X;]|co < Tmax-

REMARK 5. The literature on OLS/ridge regression typically assumes a bound on the f,-norm
of the covariate X; (see, e.g., Hsu et al. 2011, 2012, Zhang 2005, Smale and Zhou 2007). This kind
of assumption can be relaxed using moment or subgaussian conditions (see, e.g., Condition 3 in
Hsu et al. 2011) at the cost of an extra term in the resulting high probability bound.

Now we introduce a variant of Proposition 5 below for the random design setting.

PROPOSITION 6. Under Assumptions 3 and 4, the estimator B%M satisfies

~ : 12\ 207 3
2y — B < —2 —= log(—
18Ry = 5111 < o +Cod(3c+4n)g%\/niwlog(n),

2n; ey
with at least probability 1 — 3dexp(—NT”2) +2dexp(—32;\%) + 2 e dexp(—gsifc’;l)), for any

j max

Aj>0,0<n<1/2-1/Cy—¢ and 0 < ¢ < 1/2 with some constant Cy > 2.

The proof is provided in Appendix A.4. Note that this result is nearly identical to Proposition 5
in the fixed design setting, but it holds with a slightly smaller probability to account for the
(unlikely) event that the random design matrices {3/ }jev) are nearly singular. We primarily use

the random design result to analyze the regret of the RMBandit in §5.

4.4. Robustness Against Outlier Tasks
Thus far, we have assumed that all N tasks are similar; yet, in practice, an unknown fraction & of
these tasks may be outlier tasks that do not actually contribute to shared learning. We now show
that the RMEstimator is robust to such outlier tasks, and its error degrades gracefully in e.

In particular, consider a subset J C [N] of outlier tasks that do not satisfy our sparse hetero-
geneity assumption, with | 7| <eN. Then, for all j € J¢, we still have 3/ = 81 + 67 with ||§7]|o < s.°
® This setup is similar to the task relatedness environment in Assumption 4.3 of Duan and Wang (2022), except that

we measure the difference between model parameters in ¢; norm instead of /> norm. However, their proofs rely heavily
on specific properties of the £2 norm, and do not carry over to our setting with the ¢; norm.
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Following our analysis in §3.3, the trimmed mean estimator consistently estimates Bgi) for any
components i € Z,,,, as long as ¢ > ¢ (see Definition 2). However, we may now have more well-
aligned components due to the presence of e N outlier tasks. Specifically, out of the Nd total
components, there can be at most Ns+eNd components with ﬁ{i) #* B(Ti) for any non-outlier task
j € J¢. By the pigeonhole principle, we then have at most
N(s+ed) s+ed

NC ¢

As a result, we have the following corollary for task j in the presence of outlier tasks:

|Zen| <

COROLLARY 1. Under Assumption 1, the estimator BféM satisfies

N , O (sted)d | d ) , forjeJge
1Bk — B lli=1¢ _ < " VA

(9(\/L7TJ_)7 forjeJg,

with at least probability 1 — § for any 6 > exp <_1;(0200—02(1 — 1 /%))2 —|—log(6d)> and & <

14+8Cov/5/((Co—2)Vd

@G0/ (Co—2))2 ) for some constant Cy > 2 and appropriate choices of hyperparameters ¢, n, and

A provided in Appendix A.5.

The proof is provided in Appendix A.5. Consistent with our prior results, we obtain an improve-
ment in the context dimension d for non-outlier tasks j € J¢. Specifically, the estimation error of
RMEstimator scales as O(y/(s +ed)d/n;) for a sufficiently large number of tasks N, which is still
smaller than the error of the independent OLS estimator. Yet, we have an additional @(\/W )
term, which is slightly weaker compared to Theorem 1, since the presence of outlier tasks adds
noise. Indeed, when € — 0 (i.e., there are no outlier tasks) we recover our bound in Theorem 1;
when € — 1 (i.e., no tasks can share knowledge), our improvement disappears and the estimation
error converges to that of independent OLS. Lastly, outlier tasks j € J do not share knowledge

with other tasks, and hence also have the same estimation error as independent OLS.

4.5. Generalized Linear Models

Next, we generalize the RMEstimator to generalized linear models (GLMs), which may be more
suitable for classification problems. We show that a natural analog of the RMEstimator that uses a
maximum likelihood estimator (MLE) achieves a similar error bound as Theorem 1.

In GLM, for task j € [N] with parameter 37, the density of Y; conditioned on features X; satisfies
P(Y; | Xinj) X exp (KX;FBJ - A(XZT/BJ)) ’

where the function A:R — R is known (McCullagh and Nelder 1989). From standard properties of

exponential families, A is infinitely differentiable and strictly convex (Brown 1986); without loss of
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generality, we assume A” > ¢,, for some constant ¢, > 0. Under this model, we have E[Y; | X;] =
A'(X,B7) and Var[Y; | X;] = A”(X, 37), where A" and A” are the first and second derivatives of A,
and A’ is called the inverse link function. For example, A’'(z) =1/(1+exp(—z)) and Y; is binary
for logistic regression, and A’(x) = x and Y; is continuous in linear regression.
We consider the natural generalization of the RMEstimator from the linear setting in §3.2, replac-
ing both the OLS estimator in Step 1 and the LASSO regression in Step 2 with MLE. In detail,
e Step 1 (Estimating 37): For each task j € [V], we obtain the MLE through

—~. ) . . . 1
ha=argmin £(8 X7, YY), where L(B| X/, Y)=— 3 -V X[B+AX[8).  (3)
! _

J ’Le[nj]

We then estimate the shared parameter At via the trimmed mean B&M’(i) as in (2).

e Step 2 (Estimating 37): Then, we apply a LASSO penalty to the MLE to compute Bf;{M:
Efuv{ = argﬁminﬁ(ﬂ ‘ Xjan) + 18— B\IT{M”l
We impose a standard regularity condition on the link function (see, e.g., Negahban et al. 2010)
to provide a guarantee on the convergence of the MLE.
AssuMPTION 5 (Bounded Hessian). There exists a constant ¢pr >0 such that ||A”||e < dar-
Then, we obtain the following error bound for the RMEstimator in the GLM setting:

COROLLARY 2. Under Assumptions 1, 4 and 5, the estimator Bf{M of a GLM satisfies

~ ) ~ sd d
!\%M—ﬁj\l:(?( — + ) ,

nj \/NTL]‘

for sufficiently large n; with at least probability 1 — ¢ for any § > exp (—%(%)2+log(6d)>
for some constant Cy > 2, and appropriate choices of hyperparameters ¢, n, and \ provided in

Appendix A.6.

We provide a proof in Appendix A.6, which closely follows the linear case, except for the use of

MLE to establish consistency of the trimmed mean and LASSO. The result mirrors Theorem 1.

4.6. Network Structure
In practice, one may have a large number of tasks, and may wish to a choose a subset of size
N < N within which to perform multitask learning. On one hand, increasing the number of tasks
N improves estimation of the shared parameter; on the other hand, an increase in N may imply
an increase in the task-specific sparsity parameter s as tasks become increasingly dissimilar.

In Appendix A.7, we assume knowledge of a network that captures the similarity between any

pair of tasks; this can be inferred based on observed covariates (e.g., geographic distance between



22

hospitals/stores or socio-economic indices of neighborhoods served) or data from past decision-
making problems (see, e.g., the disparity matrix in Crammer et al. 2008). Then, for any given task,
we can optimize the “similarity radius” of learning problems from which to transfer knowledge.
We consider a simple power scaling for this network, where the effective sparsity parameter of the
selected subset of tasks varies as § = min(ﬁ @ d) for some a > 0. In this setting, we find it is optimal
to choose the N = d#T most similar tasks; this results in error bounds (see Corollary 3) that scale

with the network density «. Further details and results are provided in Appendix A.7.

5. Robust Multitask Contextual Bandits

We now illustrate the utility of the RMEstimator for online learning via simultaneous multitask
contextual bandits. This section describes the modified model setup and assumptions for the bandit
setting (§5.1 - 5.2), overviews our proposed RMBandit algorithm (§5.3), and demonstrates improved
total and task-specific regret bounds (§5.4), including in the data-poor regime (§5.5).

5.1. Model

Analogous to the formulation in §2, we consider N distinct linear contextual bandit instances. The
decision-maker at each instance has access to K potential arms (decisions) with uncertain and
context-dependent rewards.

Arrivals. Let T be the overall time horizon across all bandit instances. At each time step ¢, a
new observation arrives at one of the IV instances, given by the random variable Z, € [N] — i.e.,
instance j receives an arrival with probability p;, where Zf\;l p; = 1; thus, Z; follows a categorical
distribution CG(p) with p = [pl pN]. In expectation, instance j will have p,T" observations.
Again, we consider two regimes: (i) the standard regime where p; = ©(1/N) for all j € [N], and
(ii) the data-poor regime where a single instance j has p; = ©(p;//d?) for j' # j. Each observation
has a context X, € R%; if Z, = j, then X, is drawn i.i.d. from an unknown distribution Pﬁ;.

Rewards. The reward for pulling arm k for an observation with context vector X; at instance j
isY, =X, 52. + ¢;. Here, each arm k at instance j is parameterized by an unknown arm parameter
ﬂi € R, and the corresponding noise ¢, is an i.i.d. o;-subgaussian random variable given Z; = j. We
assume that a given arm satisfies sparse heterogeneity across instances — i.e., there exists 5,1 € R4
such that 8 = 8l 4 67, where 6/ is sparse (i.e., [|67]|o < s for some s € N) for all k € [K],j € [N].

Performance. We want a sequential policy 7 that learns the arm parameters {5;1}%[1{],;‘6[1\/] over
time, in order to maximize expected reward for each arrival. The overall policy 7 is composed
of sub-policies 7/ : X7 — [K] at each instance j; we use 7; to represent the arm played at time
t. We measure the performance of 7 by its cumulative expected regret (Lai and Robbins 1985),
modified to extend across multiple heterogeneous bandit instances. In particular, when Z, = j (an

observation arrives at instance j), we compare ourselves to the oracle policy 7/ at instance j,
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which knows the arm parameters {ﬁi}kE[K] in advance. Naturally, 7/ chooses the arm with the
best expected reward, i.e. m/(X;) = argmax;c ) X,/ Bl for any X,. The expected regret incurred
by pulling arm m; = k at time ¢ given an arrival at instance j is thus

’I“g:E maX(XTBk,) X;B,i

k'€[K]

Zt:]:| ’

which is simply the difference between the expected reward of using 7/ and 7. Further taking the
expectation over the randomness where the observation arrives, the expected regret of an overall
policy composed of sub-policies {7]},c(n] at time ¢ is r, = > e P2 =] rl = > el p]rt Our
goal is to derive a policy that minimizes the cumulative expected regret R = thl r; across all

instances; we also study the instance-specific cumulative regret ij = 23:1 pjr{ for each j € [N].

5.2. Assumptions

As discussed earlier, we embed our robust multitask estimator into the linear contextual bandit
setting studied in Goldenshluger and Zeevi (2013), Bastani and Bayati (2020); therefore, our next
four assumptions are directly adapted from this literature.

First, we have a standard assumption that the features and arm parameters are bounded.

AssumMPTION 6 (Boundedness). There exist constants . >0 and b >0 such that || X || <

Tmax for any X € X7,5 € [N] and ||Bl||y <b for any k € [K],j € [N].

Our second assumption is that, for each instance j € [N], the K arms can be split into two
mutually exclusive sets: (i) optimal arms k € K’ opt that are strictly optimal in expected reward (by at
least h) for any contexts drawn from a set U] C X7 with positive support on P%, or (ii) suboptimal
arms k € K, that are strictly suboptimal in expected reward (by at least h) for all contexts in
X7. In other words, we assume that every arm is either optimal for at least some individuals, or
suboptimal for all individuals. This assumption ensures that every arm in K’ opt Will roughly receive

at least p,p,;T samples and quickly learn accurate parameters under a regret-minimizing policy.

AssuMPTION 7 (Arm Optimality). All K arms at any given instance j belong to one of two
mutually exclusive sets: le)pt of optimal arms or lCiub of suboptimal arms. There exists some h >0
such that: (i) each k € K7, satisfies X3} < maxy . X3, — h for any X € X7, and (ii) each

k € K1, is optimal on a set
—{XecXx/| X8 > mixXTﬁi, + h},
Kk

with positive measure, i.e., P [X € Uj | Z = ] > p. for some constant p, > 0.
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Our third assumption ensures that linear regression is feasible within the set U ,z; this is a mild
assumption since it is with respect to the frue covariance matrix, which only requires that no
features are perfectly collinear in this set. In contrast, the sample covariance matrix may not be

positive-definite at time ¢, if we have observed too few samples from that instance.

AssuMPTION 8 (Positive Definiteness). For any arm k € [K| and instance j € [N], the true
covariance matrix Ei =E[XXT|X € U,g, Z =j] satisfies Amin (Ei) > for some constant ¥ > 0.

Our fourth assumption is a margin condition that ensures that the density of the context distri-
bution P} for each instance j is bounded near a decision boundary (i.e., the hyperplane given by
{XeXxi| X8, =XTp]} for any pair k' # k). It allows for any bounded, continuous features, as

well as any discrete features with a finite number of values.

AssumPTION 9 (Margin Condition). For any arms k and k' of any instance j € [N], there
exists a constant L >0 such that P [|XT(B,Z, - BIN<kK|Z =j| < Lk for any k> 0.

REMARK 6. Our regret bounds straightforwardly extend under a more general a-margin condi-
tion (see, e.g., Bastani et al. 2021a), as shown in Appendix D.3.

The assumptions thus far are standard and have been adapted directly from the bandit literature.
We now introduce a new assumption motivated by our multitask setting. In general, an arm &
can be optimal (belong to ICgpt) at one bandit instance j and be suboptimal (belong to ICg;b) at a
neighboring instance j’. This implies that we will observe O(p;T) samples from arm k at instance
j but only O(log(p,;/T)) samples at instance i under a regret-minimizing policy; in other words,
instance j cannot effectively transfer knowledge from instance i about arm k. Thus, we impose

that if an arm k € [K] is optimal for any instance j, it is also optimal for at least some subset of

the other instances so that we have enough observations to enable multitask learning.

AssumpTION 10 (Optimality Density). The set of bandit instances where arm k is an opti-
mal arm, i.e., W, ={j € [N] | k € Kﬂpt}, has cardinality of either 0 or at least pN for some constant
p>0 for any k € [K].

5.3. Algorithm Description

Next, we propose the RMBandit algorithm (Algorithm 2), which leverages the RMEstimator to

efficiently learn across N simultaneous linear contextual bandit instances. In this section, we drop

the subscript RM and denote our multitask estimator as simply Bﬁ for arm k£ and instance j.
Following prior work, the RMBandit manages the exploration-exploitation tradeoff using a small

amount (O(log(T"))) of forced random exploration in each instance j € [N]. Furthermore, for each

instance j and arm k € [K], it trades off between (i) an unbiased forced-sample estimator, which is

trained only on forced random samples, and (ii) a potentially biased all-sample estimator, which is
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trained on all observations for arm k. Instead of using LASSO (Bastani and Bayati 2020) or OLS
(Goldenshluger and Zeevi 2013) for these estimators, we use our RMEstimator.

This introduces two important challenges. First, our multitask estimator leverages data across
instances, which induces (previously absent) correlations among any arm parameter estimates for a
fixed arm k. However, our error bound for the trimmed mean estimator (Proposition 4 - 5) requires
that our OLS inputs across instances into the trimmed mean be independent in order to recover
a reasonable estimate of the shared model 37 (see Step 1 of our RMEstimator in §3.2). Thus, we
introduce a new batching strategy, where we only perform parameter updates in batches rather
than after every time step. This ensures that our arm parameter estimates in the current batch are
independent conditioned on the observations from previous batches.* Importantly, this batching
strategy does not change the convergence rates (and therefore regret), and has the added advantage
of being far more computationally tractable.

Second, our robust multitask estimator requires two hyperparameters: the trimming hyperpa-
rameter w and the LASSO regularization parameter A (see Algorithm 1). We specify a trimming
path for w; to dynamically trade off bias and variance over time, in order to control the conver-
gence of our robust multitask estimators. Intuitively, we trim less for small ¢ (when we have little
data) to reduce variance at the cost of admitting “small” corruptions; as t increases (when we have
collected more data), we trim more aggressively to eliminate even small corruptions that can bias
our estimates. For \;, the path follows that derived in Bastani and Bayati (2020) correspondingly.

In more detail, we split the time horizon 7' into disjoint sequential batches UmZO B,.. The initial
batch By has size qlog(T') for some tuning parameter ¢, and the following batches iteratively double

in length (i.e., the m'™ batch B,, has size |B,,| = 2™ !|B,|), which yields a total of M batches with

= ()]

We define B, = U;T;o B; as the union of all the batches up to batch m. We denote our RMEstimator
(Algorithm 1) at instance j for arm k as Bﬁ (B, A\, w), where the first argument indicates the training
sample, i.e., all observations where we pulled arm k in batch B; the remaining arguments are
hyperparameters, i.e., the LASSO regularization parameter A and the trimmed mean parameter w.

Strategy. In our initial batch By, we deterministically forced-sample each arm k of instance j
when an individual is observed at instance j (i.e., when Z; = j). At the end of this initial batch, we
obtain a forced-sample estimator Bi(Bo,Ao,j,wo) for each j € [N] and k € [K]; this forced-sample
estimator remains fixed for the entire time horizon 7. On the other hand, we also maintain an

all-sample estimator gi(b’m, A1 j.m,wi,m) for each j € [N] and k € [K]; this estimator is periodically

4 A formal statement of this claim is provided in Lemma 5 in Appendix C.
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Algorithm 2 Robust Multitask Bandit (RMBandit)
Inputs: wo, Ao, C1,0571,0:A1,0, ¢ 1

Set M = {1og2 ( )] By = [qlog(T)], and B,, = {t € [T]] 27| Bo| < t < 2™|Bo|} for m € [M]
Initialize >\O,j = )\0/\/ ‘86|
for t € [T] do

_Tr
qlog(T)

Observe an arrival at instance j = Z, ~ CG(p), and the corresponding context X, ~ P7%
if t € By then
Pull arm 7, = ((Zre[t] 1(Z,=7)—1) mod K) +1
else if ¢t € B,, then
Let K= {k € [K]| X, 3] (Bo, \o.j,wo) = maxic (i) X, B2 (Bo, Mo, wo) — h/2}
Pull arm 7, = argmax, . X, B2 (Bm=1, M_jm=1,@1.m—1)
end if
Observe reward Y, = X' 7 + ¢
if ¢t =|B;,| for m € [M] (i.e., when B,, ends) then

Update Cl,m = Cl,O, Ti,m =110 \/Iog(dminz‘e[m,wznbo ‘B;n‘)7 and Wim = C1,m + Mm
Update Ay = Aroy/log(d|B)/ B} for cach j € [N]
end if

end for

re-trained with updated hyperparameters at the end of each batch m and thereby fixed for the
following batch m 4 1. One distinction of this estimator from Algorithm 1 is that the trimmed
mean estimator in Step 1 is built upon only data from B,, such that arm parameter estimates are
independent. However, in Step 2 we still use all the data of the target instance from B, of which
the samples might be correlated across instances.

The algorithm is executed as follows. If ¢ € B,, and a new arrival is observed at instance j, we
first use the forced-sample estimators to find the highest estimated reward achievable among the
K arms at instance j. These estimates allow us to identify a subset of arms I C K whose rewards
are within h/2 of the estimated optimal reward. Then, within this set, we pull the arm k € K that

has the highest estimated reward according to the all-sample estimators.

5.4. Regret Analysis

First, Proposition 7 below bounds the total regret across all N bandit instances.

PROPOSITION 7. When N =Q(log(d)log(T")), the cumulative expected regret of all instances up
to time T of RMBandit satisfies

Ry =0 (Kd(sN +d)log(N)log*(dT/N)) ,
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for appropriate choices of hyperparameters wy, Ci,0, M1,0, Ao, A1,0, and g provided in Appendiz D.1.

We provide a proof strategy in Appendix C, with details relegated to Appendix D.1. Note that we
assume that NV is not too small; our approach is designed for problems where there are at least
a few distinct problem instances to enable multitask learning. In §6, we show improved empirical
results even for modest values of V.

REMARK 7. The above result is based on our margin condition in Assumption 9. As noted in
§5.2, we consider a more general a-margin condition in Appendix D.3, and derive corresponding
regret bounds that may scale polynomially in 7" depending on the strength of the assumption.

Next, we consider the regret of RMBandit for a single instance j. To make a direct comparison
to existing regret bounds with time horizon T', we rescale the expected time horizon® for instance
J to be T as well, i.e., since we expect p; = ©(1/N) fraction of the total arrivals at instance j, we

scale our total horizon as T'/p; = ©(NT).

THEOREM 3. Consider a total time horizon of T'/p; = O(NT), so instance j has expected time
horizon T'. When N = Q(log(d)log(T)), the cumulative expected regret of instance j of RMBandit

satisfies
R} = O (Kd (s +d/N) log(N) log?(dT))

for appropriate choices of hyperparameters wo, Ci,0, M,0, Ao, A1,0, and g provided in Appendiz D.1.

The proof is provided in Appendix D.1. Prior literature shows that such an instance would achieve
regret that scales as O(d? log%(d) log(T")) (Bastani and Bayati 2020). In contrast, our upper bound
on the regret for instance j using RMBandit is smaller by a factor of d, but larger by a factor of
log(T);® this is a substantial improvement for even a moderate context dimension d. In other words,
by appropriately managing the bias-variance tradeoff over time, the RMBandit achieves analogous

improvements to online learning as we observed with the RMEstimator in offline learning.

5.5. Data-Poor Regime

We now turn to the data-poor regime where we expect magnified benefits to multitask learning
(matching our offline results in §4.2). Let the target instance j be data-poor, i.e., p; = O (p; /d*) =
O(1/(d*N)). Again, to make a direct comparison to existing regret bounds, we rescale our total
horizon as T/p; = ©(d*NT), implying an expected time horizon of T for instance j.

® Note that, given a fixed time horizon across all N instances, the time horizon (i.e., number of observations) for a
single instance j is a random variable since the distribution of arrivals across instances ({Z;}7—1) is a random process.

® The extra factor of log(T) is likely an analytical limitation that arises because the RMBandit uses LASSO, e.g., the
high-dimensional contextual bandit also attains a regret that scales as log?(T) (Bastani and Bayati 2020).
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THEOREM 4. Consider a total time horizon of T /p; = O(d*NT), so the data-poor instance j has
expected time horizon T. When N = Q(log(d)log(T)), the cumulative expected regret of instance j
of RMBandit satisfies

R} =0 (Ks*log(N)log®(dT)),

for appropriate choices of hyperparameters wy, Ci,0, M1,0, Ao, A1,0, and g provided in Appendiz D.2.

We provide a proof in Appendix D.2. The above result shows that RMBandit attains a regret
bound that only scales logarithmically in the context dimension d — i.e., we obtain an exponential
reduction in regret, which is especially valuable in data-poor problems. Note that the regret of
instance j scales as if the arm parameters {f3]} are s-sparse (see, e.g., Bastani and Bayati (2020))

while our arm parameters are dense; this intuition aligns with our offline result in Theorem 2.

6. Experiments

We now illustrate the value of our approach on synthetic and real datasets in both offline and
online learning settings. For experiments on real data, we analyze a patient health risk prediction
task in the offline setting; in the online setting, we focus on two well-studied applications of bandits

— i.e., personalized patient interventions, and dynamic pricing.

6.1. Multitask Learning

We first analyze the efficiency of our RMEstimator in the offline setting. More specifically, we
simulate the following linear regression algorithms: (i) without multitask learning: OLS (Hastie
et al. 2009), LASSO (Tibshirani 1996a), and (ii) with multitask learning: group LASSO (Yuan and
Lin 2006, Lounici et al. 2009), nuclear-norm regularization (Negahban and Wainwright 2011, Pontil
and Maurer 2013), pooling (Crammer et al. 2008, Ben-David et al. 2010) and RMEstimator. The
first two approaches treat each task independently via OLS and LASSO respectively, while the rest
share knowledge across N tasks to learn for the target task through group LASSO regularization,
nuclear-norm regularization, pooling then OLS, and our RMestimator respectively.

Synthetic. Figure 4 compares the prediction error across three different settings of our formu-
lation in §2 with varying N,d and s. Appendix F.1 provides additional details.

We observe that the RMEstimator substantially reduces prediction error across the board under
varying conditions. OLS/LASSO miss out on the opportunity to perform shared learning. Classical
estimators that do perform multitask learning impose structural assumptions that are not met by
our synthetic data (and more importantly, appear unwarranted in the real dataset we study in the
next subsection) and therefore also perform poorly — e.g., pooling ignores task-specific bias, group
LASSO assumes predictive models across tasks are sparse with shared support, and nuclear-norm

regularization postulates a shared latent low-rank structure across tasks.
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Figure 4  Bars depict prediction error of one task averaged over 20 trials, with corresponding 95% confidence

intervals. ‘GLASSO’ is group LASSO, ‘Nuclear’ is nuclear-norm regularization, and ‘RME’ is RMEstimator.

These results are unsurprising since our synthetic data satisfies sparse heterogeneity, so we expect
RMEstimator to outperform other estimators that do not explicitly leverage this structure. The next
experiment examines real electronic medical record data, which may not satisfy our assumptions.

In Appendix G.1, we comprehensively explore the robustness of the RMEstimator against a range
of model parameters (i.e., N, s, n;/n;) and assumptions on the task specific bias terms {0,};en)
(their magnitude, alignment of support across tasks, approximate sparsity) through additional
simulations. We find the predictive accuracy of RMEstimator improves with large N, small s, large
n;/n;, and when the support of the task-specific bias terms are either very well- or poorly-aligned.
In Appendix G.2, we further explore variants of the LASSO penalty (e.g., SCAD or MCP) in Step
2 of the RMEstimator and find similar results.

Risk Prediction in Health Data. Diabetes is a leading cause of severe health complications
such as cardiovascular disease, stroke, and chronic kidney disease (Ismail et al. 2021). Thus, there
is significant interest in leveraging machine learning for early detection of (Type II) diabetes, in
order to improve treatment outcomes (Zhang et al. 2020). However, significant evidence shows
that machine learning models trained on one health system can perform poorly on a different
health system (Quinionero-Candela et al. 2008, Subbaswamy and Saria 2020); this can be due to
dataset shifts such as changes in patient demographics, disease prevalence, measurement timing,
equipment, and treatment patterns. Thus, it is important to train provider-specific risk models.

In this experiment, we use electronic medical record data across N = 13 healthcare providers to
learn a good diabetes risk prediction model for a single provider. After basic preprocessing, we have
approximately 80 patient-specific features constructed from information available before the most
recent visit (e.g., past diagnoses, procedures and medications); our outcome is an indicator variable
for whether the patient was diagnosed with diabetes during the most recent visit. We aim to learn
the best linear classifier, and evaluate different methods based on the diagnosis accuracy over time.
Appendix F.2 provides additional details on the setup. We compare the prediction accuracy over
two of the hospitals in Figure 5, one with 301 unique patients observed during the sample period

and the other with 246 unique patients.
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Figure 5 Bars depict out-of-sample performance measured by AUC at one hospital (averaged over 1,000 trials),
with 95% confidence intervals. Hospitals A and B have 301 and 246 unique patients respectively. ‘GLASSO’

refers to group LASSO, ‘Nuclear’ nuclear-norm regularization, and ‘RME’ our robust multitask estimator.

Figure 5 shows the out-of-sample predictive accuracy (AUC). Once again, we can find that
RMEstimator achieves the best performance, improving over the second best algorithm (independent
OLS) by 3.7% and 8% at Hospitals A and B respectively. The pooling algorithm outperforms OLS
by leveraging more data but is still not competitive with RMEstimator ignoring hospital-specific
heterogeneity. Group LASSO and nuclear-norm regularization perform poorly, suggesting that the
assumptions imposed may be unwarranted in our dataset.

Since this is a classification problem with binary outcomes, in Appendix G.4, we also compare
the logistic regression analog of the RMEstimator with the logistic regression analogs of all the
baseline algorithms. Once again, we find RMEstimator achieves the best performance; yet, in this

specific task, logistic regression does not perform as well as its linear counterpart for all methods.”

6.2. Multitask Bandits

Next, we illustrate the performance of our RMBandit algorithm in the online setting. More specifi-
cally, we simulate the following linear contextual bandit algorithms: (i) without multitask learning:
OLS Bandit (Goldenshluger and Zeevi 2013), LASSO Bandit (Bastani and Bayati 2020), and (ii)
with multitask learning: GOBLin (Cesa-Bianchi et al. 2013), Trace-norm Bandit (Cella et al. 2022),
a pooling bandit algorithm, and RMBandit. The first two approaches operate N independent bandit
instances via either OLS or LASSO. The GOBLin algorithm is a state-of-the-art multitask bandit
algorithm that uses a Laplacian matrix and ridge regression to jointly learn the instances, thereby
£y-regularizing both the parameters and their pairwise differences. It builds upon the OFUL algo-
rithm (Abbasi-Yadkori et al. 2011), which leverages UCB for linear contextual bandits. Besides, we
" Linear and logistic regression estimates are often highly correlated even when the outcomes are binary, and produce
nearly identical decisions (see, e.g., Pohlman and Leitner 2003); however, linear models are unbiased in small samples,

enabling faster convergence and improved multitask learning in the low-data regime, which may explain our improved
performance with linear classifiers. In practice, one should choose the best predictor based on out-of-sample AUC.
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also implement other multitask bandit algorithms such as Trace-norm Bandit using trace-norm reg-
ularization (i.e., nuclear-norm regularization), a pooling bandit algorithm that pools observations
and then uses OLS Bandit, and our RMBandit algorithm.

Synthetic. Figure 6 shows the expected cumulative regret over time for a single contextual

linear bandit instance under varying IV, K, d and s. Appendix F.1 provides additional details.
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Figure 6 Cumulative regret of a single linear contextual bandit (averaged over 20 trials); shaded regions show

95% confidence intervals. ‘Trace’ refers to Trace-norm Bandit, and ‘RMB’ our RMBandit algorithm.

Similar to the offline setting, we find that RMBandit significantly outperforms other algorithms
under sparse heterogeneity. The pooling algorithm ignores task-specific heterogeneity, and the
Trace-norm Bandit and GOBLin (which assumes that the arm parameters across instances are close
in ¢, norm) impose structure that are not met by our synthetic data. GOBLin performs particularly
poorly, possibly because they also build on the UCB algorithm, which is known to over-explore
compared to the OLS Bandit (see, e.g., Russo et al. 2017, Bastani et al. 2021a); an interesting future
direction is to adapt multitask learning to other bandit algorithms such as Thompson Sampling.

Appendix G.5 explores the robustness of RMBandit against hyperparameter choices wq, (1.0, 71,0,
and g. We find that our algorithm’s cumulative regret is robust across specifications, which is
important in practice where these hyperparameters might not be well-specified.

The following two experiments examine real datasets, which may not satisfy our assumptions.

Personalized Intervention in Health Data. Using the same medical data as in §6.1, we
aim to learn a good diabetes intervention model for each single hospital in an online manner.
We consider a simple binary reward that directly evaluates the accuracy of our intervention or
classification of patients, i.e., the reward is 1 if the prediction is correct and 0 otherwise; thus, we
have two arms, i.e., K =2, in our bandit model that are either to intervene or not intervene on
the patient. We aim to learn the best linear classifier online as patient observations accrue, and
evaluate different methods based on the classification accuracy over time. We compare the fraction

of incorrectly intervened patients over time and show the results of two of the hospitals in Figure 7,
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one with 355 unique patients observed during the sample period and the other with 176 unique
patients. We additionally fit a linear oracle, which leverages all observed data from the provider
in hindsight using a leave-one-out approach, representing the best achievable performance within

a linear model family. Appendix F.2 provides additional details on the setup.
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Figure 7 Lines depict the fraction of incorrect interventions averaged over 50 trials of a linear contextual
bandit, with shaded regions the corresponding 95% confidence intervals. Hospitals A and B have 355 and 176

unique patients respectively. ‘Trace’ refers to Trace-norm Bandit, and ‘RMB’ our RMBandit algorithm.

We observe that RMBandit performs favorably compared to the other baseline algorithms, and
converges to the oracle’s classification accuracy much faster. In particularly, our algorithm is
insignificantly different from the oracle after observing around 150 and 75 patients respectively,
while the other algorithms are all significantly worse than the oracle within the sample period.
Notably, the pooling algorithm has good performance on average in the very early stage, likely since
our algorithm requires at least some initial data to learn heterogeneous structure across hospitals.

REMARK 8. Note that any use of randomization in a medical decision-making task typically
requires obtaining patient consent, careful assessment of patient safety under all arms, and other
contextual considerations. Within this framework, patient-facing experiments are regularly con-
ducted to assess whether innovative interventions improve patient outcomes in a cost-effective
way (see, e.g., Volpp et al. 2017, Nahum-Shani et al. 2024). Bandit/adaptive designs can improve
the efficiency (Bastani et al. 2021b) and safety of these experiments (Pallmann et al. 2018).

Dynamic Pricing in Retail Data. Contextual bandit algorithms can also naturally be
extended to solve dynamic pricing problems with unknown demand (Besbes and Zeevi 2009). We
consider such a demand forecasting and price optimization task for food distributors; to this end,

we use a publicly available dataset of orders from a meal delivery company.®

8https://datahack.analyticsvidhya.com/contest/genpact-machine-learning-hackathon-1/
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In this experiment, we use data across N = 20 fulfillment centers, serving between three to eight
thousand orders each during the sample period. There are 19 features including the intercept,
the category and cuisine pertaining to the order, as well as associated promotions. The decision
variable is the (continuous) price for the order; rather than arm parameters, there is a single set
of unknown parameters (per instance) that aims to predict demand/revenue as a function of price
and the observed features. Following the approach of Ban and Keskin (2021), we model the price

elasticity of demand as a linear function of the observed features:
Yi=X/ B+ (X B]) + e

Here, {ﬁé, B{} are the unknown parameters corresponding to instance j; conditioned on an arrival
with context X; at instance Z; = j, Y; is the observed revenue for the chosen price p; and noise ¢;.
Regret is measured with respect to an oracle that knows {/38, 3 ;V:l.

We straightforwardly extend RMBandit and the other baseline bandit algorithms to the dynamic
pricing setting using a batched explore-then-commit strategy employed by Ban and Keskin (2021).
Figure 8 shows the cumulative regret of RMX (our dynamic pricing analog of RMBandit) compared
to other benchmarks including ILQX and ILSX (the LASSO- and OLS-based pricing algorithms
introduced in Ban and Keskin 2021), our dynamic pricing analog of GOBLin and Trace-norm

Bandit. Appendix F.3 provides further details and pseudocode for our dynamic pricing algorithms.
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Figure 8 Lines depict the cumulative regret of a linear contextual bandit averaged over 100 trials, with shaded
regions the corresponding 95% confidence intervals. ‘Trace’ refers to Trace-norm Bandit, and ‘RMX’ our pricing

analog of RMBandit.

We observe that RMX performs favorably compared to the dynamic pricing analogs of the other
baseline bandit algorithms. Thus, our insights on multitask learning carry over analogously to the

dynamic pricing context.
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7. Discussion and Conclusions

Decision-makers frequently want to learn heterogeneous treatment effects across many simulta-
neous experiments. Examples range from learning patient risk across hospitals for personalized
interventions (Bastani 2021, Mullainathan and Obermeyer 2017), learning drug effectiveness across
combination therapies for clinical trial decisions (Bertsimas et al. 2016), learning COVID-19 risk
across travelers for targeting tests (Bastani et al. 2021b), and learning demand across stores for
promotion targeting (Baardman et al. 2020, Cohen and Perakis 2018) or dynamic pricing (Bastani
et al. 2021c). We propose a novel RMEstimator that improves the efficacy of downstream decisions
by learning better predictive models with lower sample complexity in the context dimension d. To
the best of our knowledge, our work proposes the first combination of robust statistics (to learn
across similar instances) and LASSO regression (to debias the results) to yield improved bounds
for multitask learning. In the online learning setting, these problems translate to running simulta-
neous contextual bandit algorithms. To this end, we propose the RMBandit algorithm to effectively
navigate the exploration-exploitation tradeoff across bandit instances, thereby improving regret
bounds in d.

We highlight several features of our proposed approach that make it a particularly attractive
solution. First, it is well known that data limitations result in worse model performance, which in
turn can imply unfair decisions, e.g., in healthcare, such biases disproportionately affect protected
groups or minorities due to limited representative data (Rajkomar et al. 2018). A natural approach
to alleviating unfairness is to improve the performance of our models for data-poor instances (see,
e.g., discussion in Hardt et al. 2016). We show that multitask learning can be especially valuable
in such settings — our approach leverages data from data-rich instances to provide an exponential
improvement in performance for data-poor instances. Thus, we provide one additional tool (among
others) for improving fairness in decision-making.

Second, privacy and regulatory constraints prevent granular data sharing in many applications.
A growing literature on federated learning studies training statistical models over siloed datasets,
while keeping data localized (Li et al. 2020b). While our focus is on multitask learning, our approach
satisfies the constraints of federated learning, since we only require sharing aggregate statistics (in
this case, OLS regression parameters) across instances. All model training is performed locally at
the instance-level and does not require any raw data from other instances.

Third, practical deployment of bandits often precludes real-time updates to the model. For
instance, many individuals may appear for service simultaneously (Schwartz et al. 2017) and there
may be operational constraints or concerns over model reliability (Bastani et al. 2021b). Our
RMBandit algorithm employs a batching strategy that only requires a logarithmic number (in
the time horizon T') of model updates, while preserving convergence rates (and therefore regret).

Furthermore, it has the added advantage of being far more computationally tractable.
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Appendix A: Multitask Learning

In this section, we provide the proofs of Proposition 4 in §A.1, Proposition 5 and Theorem 1 in §A.2,

Theorem 2 in §A.3, Proposition 6 in §A.4, Corollary 1 in §A.5, and Corollary 2 in §A.6.

A.1. Trimmed Mean Estimator

Proof of Proposition 4 Recall that the indices of the corrupted samples are denoted by J C [N] (so
the rest are J¢=[N]\ J) with |J| < N¢ and ¢ < 1/2. By assumption, {Z;};csc are independent and
o;-subgaussian with mean g respectively. Then, using a Chernoff bound, any uncorrupted sample j € J°¢
satisfies

2
P(|Z, — ul > 1] < 2exp (—20)

for any ¢ > 0. Letting t = | /207 log(%)7 it follows that

2,¢ u=f23 108 ot | f2ot1on(2)

with a probability of at most 27/3. By Hoeflding’s inequality, we have

PLZ 11(Zj¢1)zt] geXp<_2(t%ce|aepj)2>7

ASVAS

where p; = P[Z; 1] <2n/3 and I = {,ufmaxjejc 202 log(%),u+maxjejc 207 log(%) . Taking t =
n|T¢|, we have
P LEJ)CMZJ» ¢1) >77|JCI] <exp (- 2000),
in other words, with a high probability, at most n fraction of J¢ are outside a neighborhood I around the
mean p. As a consequence, on the event
V={>_ 1z ¢n<nI}
jege

at most ¢ + 7 fraction of the N samples are outside the interval I (recall that (N samples are corrupted). As
a subgaussian distribution might not be symmetric, by trimming the upper and lower w-quantile of samples
with w = ({ 47, the remaining ones are guaranteed to fall into 1.

Suppose the event V' holds. Let {ZjL}fV:(]l\,;‘i)l denote the samples after trimming and 7 = { jL}fV:(}V;i)l the
corresponding index set (j, defined in §3.1). And let U = {j € [N]| Z; € I} denote the set of samples that lie

in I. Note that 7 CU on the event of V from our argument above. Then, we have

Z(Zj — 1) Z (Z; — 1) Z (Z; — 1) Z (Z; — 1)

JET JETNU JETNUNTE i€eTNUNT

The first term on the RHS of (10) is upper bounded by

Z (Z;— 1) Z (Z; — 1)

jeTNUNT® jeTenUNge

= < + . (10)

< +

Z (Z; =]
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As we remove 2(¢ 4+ n) fraction of the samples, we have

Z (Z; — )

JeETeNUNTC

3
< + 2 2).
<2(¢ T})N?gl%)g 207 log(n) (11)

Since those samples in 7 that lie inside the interval I are independent and bounded, we can apply Hoeffding’s

inequality
1 . ) 3 |TeNU|x?
P [ [Tenul Z (Z;—E[Z;| T°nU]) ZX'?EH}% o; log(n)] < 2exp (—4 ; (12)
jegenu
for any x > 0. The truncation on these samples introduces a bias of at most
E((Z;—p)1(Z; ¢ 1) | T°| _ElZ, —pl* | T]/*PZ €11 T
ElZ; | T NU] —p|= z z < z ! , 13

where the last inequality uses Holder’s inequality and k, ¢ are such that 1/k+1/¢g=1. Recall that P[Z,; ¢ I |
J¢] < 2n/3. In addition, E[|Z; — u|* | T¢]'/* < e¢0,;V/k for k > 2 by the property of subgaussian (Rigollet
and Hitter 2015). Taking k = 10g(%)7 inequality (13) gives
17T AUl < 801y /10g(55)
|E[Z; | T°N }_M_W
Then, the high probability bound in (12) implies
8a;m4/log(<) c 2
3 i1/ 1og(5 17°NU|y
=) > |Te . 2]og (= —r ]| < ).
Pl S @iz xma ot os )+ mas—5 5 2 ) | <2ewp (- 5)

Further setting x =7 and by our assumption 1 < 1/2, we have

P[ Z (Z; — )

jegenu
Combining (11) and (14), it holds with a high probability that

Z (Z; — )

JETNUNTC

Additionally, the second term on the RHS of (10) has

Z (Z; —n)

JETNUNT

_|Tenuly?
i .

3
Z5|\76ﬂZ/{|n§r€1%)C( szlog(n)] §2exp<

3
< (2V2(¢+mN + 5977 U ) ma fo3log()

3
< 2 -).
< (N'max 4 /207 log(n)

Thus, we can write

1
WZZJ'—M

i€T

< maX,e e 0

c 3
Tt (Vs 2N +snl ) foe()

3
<Co maxo, (3¢ +4n) 10%(5)
with a high probability, where we use |7T|= (1 —-2(+n))N, |[J°NU| <N and n<1/2—-1/Cy — (. Since
|TcNU|> (1—n)|T¢| on the event V', we have
1
| P
g2

where we use | J¢| > (1 — ()N and n+ ¢ <1/2. Together with a union bound on the event V', we have

1
P[WZZj—u

JET

8

3 Nn?
> Comaxo; (3¢ +4n) log()] <2exp (— d ) )
jege n

9

3 Nn?
> Comaxo; (3¢ +4n) log()] <3exp (— il ) O
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A.2. Standard Regime

The hyperparameters are

Co— 910g %

400 d

4d
A =max /3202 log(—),

i€[N] 1) ) C:

Note that A; = A/ /n; as in Algorithm 1.
We first provide an estimation error bound of our estimator given arbitrary choices of hyperparameters

(i.e., Proposition 5). We begin with the following lemma.

LEMMA 1. Define the event
, 2 R A
T=0 D IXITe | < 225 15
w—{Zxrel. <3 (15)

Then, we have

. A2n;
P[H7] >1—2dexp (—3;U;> .

Proof of Lemma 1 TFor any column ¢ of the design matrix X7, i.e., X (i) e have || L XJ Z)H2 < 1. Then,

by Lemma 19, we have

A,
P[(#H)] =P maXL|X] = Jr} < dmaxP {|XJ €l> ]r] <2dexp( Jn;>
ic[d) \/7 4 i€d] \/7 320—j

Proof of Proposition 5 At a high level, our model has

) + (ﬁ;well - B\;{M,I + 6J)) + ejv

Y/ =X/(BT+6)+€ =X/ ((ﬂ;poor + B\;{M,I well

well

where 87 given an index set 7 is defined at the beginning of §2, and 35— Bﬁleeu +0671s ((1/¢+1)s)-sparse

well

— in particular, letting
jj =Twen UZ;,

where Z; = {i € [d] | ,Bfi) # ﬁgi)} are the components of 37 that do not equal 87, then we have |Z;| < (1/¢+1)s.
Intuitively, we can show that ﬂ}poor +B§<M,Iweu is closely approximated by B\;M in Step 1 (i.e., (B\EM — ﬁ*)zwor
is small). Then, we can use LASSO to recover the rest of the parameters, i.e., the sparse vector ﬂ;weu -
B;{lee” + &7, to efficiently estimate 37 in Step 2.
First, we show that BIEM’IPW approximates B;DOOY well. We start by noticing that each OLS estimator
) 1= (X9TX9)"1XITY7 is a subgaussian random vector with mean 3’ — particularly, the i*" component

B\ind,(i) of Bfnd is (y/07/(n;1))-subgaussian. This is because

Bi JTxcd 3T g Ao ||(XITXI) XT3 No?
Elexp(M(Bia,) = Bin)] = Elexp(A(X7TX7) ;[ X7 T€’)] <exp 5 <exp o)

where the last inequality uses Assumption 1 and follows

1 1

XX L XT3 = (XX L < A (XOTXI) ) =
1€ )Xz = ( )G (( )7 - Amm(zf) —s

Now consider our robust multitask estimator {B{iM}je[N] computed by Algorithm 1. Recall that for any

poorly-aligned component i € Z,..,, the corresponding corrupted subset of instances is J; = {j € [N] | ,Bgi) #*
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ﬁgi)}. By definition of Z,.0r, we have |J;| < (N < N/2. As the data from different instances are mutually
independent, the vectors {Eljnd}JE[N are independent. Thus, we can apply Proposition 4 to the trimmed

mean of {Bﬂ]d}jem], where we use the fact that ,B’ q 1 (y/07 /(n;9))-subgaussian:

At
P U/@RM,@) -

Using a union bound over all i € 7, we have

2
(3C+4n)rgf}3§ U; (737)] <3exp (—Ng )

2

~ 3 N 2
P [H(ﬁfm — BN Zpoor = Cod (3¢ +47) max ;w log(n)] < 3dexp (— ;7 ) : (16)

Next, we show that LASSO can recover 37 efficiently in Step 2. The rest of the proof is adapted from the

LASSO analysis in Chapter 6.2 of Bithlmann and Van De Geer (2011). Applying the basic inequality of
LASSO to Step 2 of our algorithm gives

1 o~ ) ~. ~ 1 o ) o~
— 1% B = Y134 A1 Bras = Bl < =177 =Y/ I3+ 2187 = B 1
J J
Plugging in Y? =X’/ + €’, and conditioned on H7 in (15), we have

1 N ) ~ ~ 2 o~ . PN
X (Bna = B3 + A1 Boas = Blnalls £ €7 By = B7) + A 187 = Bl
J

j
< — X7 ollBhne = Bl + A8 = Bl
J
i~ _ N
< S 1BRas = BNl + 251187 = Blaallr- (17)
Note that the second term on the LHS has
188 — Bl = 11 (Bl — Bliaa) el + II(/D'fo ~ Bz, |h
> 1B = 8)ze s = 11087 = Blan)zs s + 118 = Bla)z, 11— (B — B7)z, 1.
Plugging it into (17) and decomposing the two terms on the RHS based on Z; and Z¢, we have

1 S . A , 3\
1% (Bna = B3+ S B — )25 I < 52 Bt = Bz, | +-22 | (Bhoa = B)z5ll- - (18)
J
Since 87 — Bl = (BT — B{;M)Ipool +(BL - B;tM,Iwcu + 6j), it holds that
1Bl = 822 1 = (8" = Blian)zpoen )zl < (8" = Bt 70l

where the first equality follows (ﬂ}_ " B}TaM Toan T 5j)jc =0, and the second inequality follows fj C Zpool-
With the above result and adding 2’ ||(6RM B7)z, |1 on both sides of (18), we obtain

;||Xj(ﬁf§Mfﬂj)||§ JllﬂRM Bl <2051 (Bhag = Bz, 1 + 205l Bfeas = B 200

By Assumption 1, we have

B = B2, In < VTTCFT) ||/3M5j||2g\/“/ﬂ;”'*’;|xw“mw>|§. (20)

- (19)

Therefore, we derive from inequality (19) that

1 . _ A~ , 2(1/¢+1)sA? —
oo 1 Bhaa = B+ 5 WBhae = 8711 < =2 = 4 20l (Bhaa = )0
J

where we use the fact that 2ab < a? + b%. Since ¢ < 1/2, we further get

6 )\
1B — 81 < g SR (VR

Combining the above with inequality (16) and Lemma 1, our result then follows. O
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Now, we prove Theorem 1 by applying Proposition 5.
Proof of Theorem 1 Since 6 <1 and d > 1, we have

Plugging our choice of hyperparameters in Proposition 5, we have

6] 2 3
1Bt — 111 < 7; + Cod (3¢ + 4n) max\/T

o 24s 207 log(%) a?log(N) o?log(N)log(%)
_— d 12 L 8
=W B T e

with probability at least 1 —¢. As n;’s are similar in their scales, it suffices to take { = CO 2 f to minimize

the RHS. Thus, we have with high probability

9600 207sdlog(4)  3C, o sdlog o7 log(N)log(%')
J 5 ‘ 9
HBRM Bl < \/7 ZE[N +1200d52%< T .

This holds for any ¢ > exp (—f (2(1—35./2))* +1og 6d)> as we require n <1/2—-1/Co — O

20 2

A.3. Data-Poor Regime

The hyperparameters are

/ -2 9log (84
A= max 3202 log = ZEC , n= %
A _

Note that A\; = A/ /n; as in Algorithm 1.

We first provide an estimation error bound for a data-poor task given arbitrary choices of hyperparameters.

PROPOSITION 8. The estimator B\ﬁw of a data-poor task j satisfies

6A;s o2 3
B 1 < 222+ Co 3+ tmpmay L 0g )

2
with at least probability 1 — (3dexp(——) +2d exp(—33- 2)), for any A\; >0, 0<n<1/2—1/Cy— ¢ and
0< ¢ <1/2 with some constant Cy > 2.

Proof of Proposition 8 The proof is similar to that of Proposition 5. We list the details different from
Proposition 5 below.

Applying Proposition 4 to the trimmed mean of {BiLnd}L¢j, we obtain
2 2

b 3 Nn
m log(n)l < 3dexp (— 9 ) . (21)

n,

| [ERer-

> Cod (3¢ +4n) max
1 LFEj
Then, following the proof steps of Proposition 5 until (18) we have
1 . , A ,
— X7 (Breas = B3+ 51 (Bans = B2z 1 < JH(/BRM Bz, 11+ 251 (Blis = B zpoer - (22)
J

1y and (i) (B —

1. In the first case, we can obtain directly from inequality (22) that

Consider the following two cases separately: (i) ||(6§M =Bzl < ||(51T1M — BN z,00

8z, 1l > | (Bhas — BN z00r

||ﬁ%{M_ﬁj||l S8||(61T3p1\/[_6T)Ipoor||1'
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In the second case, note that we have H(B\ﬁM - ﬂj)j]c_.Hl < 7||(A§uvI — %)z, l1; thus, given Assumption 2 and

|Z,| < (1/¢ +1)s, we have

Bt — )1l < \/“/ﬂj”nxw o~ Bl

Then, we can derive from inequality (22) that

e ys ) Bloa = )2, 1 < 1% (Bhaa = )15 < 52U Bl = ),
that is,
(1/¢+1)s3); < 9sA;

Y 2 T AW

where the last inequality uses ¢ < 1/2. Therefore, we have

1Bt = 82,11 <

1-

(Bt — 8))z, 111 <

(Bl = BN oo

4@
Combined the above with (21) and Lemma 1, our result then follows. O

Now, we prove Theorem 2 by applying Proposition 8.

Proof of Theorem 2 Plugging our choice of hyperparameters in Proposition 8, we have

d?0?1og(N)log (%)
anw ’

202 log (24) d202log(N
||1 >~ C¢ 6 +3C0(max ’r'l,”f( + 12C0 I{l;il]X

with probability at least 1 —4§. Since n; is assumed to be similar to n,;/d? for any i # j in magnitude, choosing

1B — B

¢ to be any constant smaller than 1/2 — 1/Cj suffices to minimize the RHS. Thus, we take { = CO 2 Then,
with probability at least 1 —J, we have

960 20252 log(42) 3C d?o?1 d?20?1og(N)log(8
1B = il < o 2B | 3 [0 OB +1zcomaX\/ 7o e

This holds for any5>exp( N1 (Cos 2) +10g(6d)>,as we require n<1/2—-1/Co—¢. O

A.4. Random Design

The proof of Proposition 6 straightforwardly follows that of Proposition 5, once accounting for the event
that Assumption 1 holds. To that end, we provide the following lemma under Assumption 3 and 4 that
Assumption 1 holds with high probability.

Sy 1; 'JJ
]P’l)\min(Z)22] 21—dexp< dez )

LEMMA 2. We have

max

Proof of Lemma 2 The proof follows directly Lemma 20 by noting that Apmax(X:X,") < || X¢||3 < d2? .
and setting ¢ =1/2 and L =dz?2,, in Lemma 20. O

We provide a similar result of random design for a data-poor task j under Assumption 3 and 4 (which is
useful for the coming bandit analysis). First, we show that the compatibility condition in Assumption 2 also

holds with high probability under Assumption 3, a result comparable to Lemma 2.
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LEMMA 3. When n; > 3log(d)/D?, we have

P lif €C(Z,, %) >1—exp (—Diny),

where Dy = min{%, ﬁ}.
Proof of Lemma 3 First, note that since Amin(%7) > 1, we have 37 € C(Z;,4). This is because, for any
veR? and S C [d], we have |Jus|l1 < /|S|||vs|l2. Therefore,
S0 %0 > [S[||v]5 > [S[llvs |3 > P lvsllF

Then, the result follows by applying Lemma EC.6 in Bastani and Bayati (2020). O
Next, we introduce a variant of Proposition 6 for a data-poor task. The proof straightforwardly follows by

combining Lemma 3 and Proposition 6.
PROPOSITION 9. When n; > 3log(d)/D3%, the estimator Bf%M of data-poor task j satisfies

12),5 20?3
Cod (3¢ +4 L log(2
+Cod (3¢ + 4n) max 7 og( )

i

[vEed P

A2,
with probability at least 1 — (3dexp( Nn?y 4 9dexp(— 7J) +exp(—=Din;)+37, . dexp(— 8d12 )) for
any A\; >0,0<n<1/2—-1/Cy— ¢ and 0 < ¢ <1/2 with some constant Cy > 2.

A.5. Robustness Against Outlier Tasks

The hyperparameters are

d Co—2 s+25d/3 910g (54)
2 — (5
A=maxy /3207 log(<5), (== m

Note that A\; = \/,/n; as in Algorithm 1.

Proof of Corollary 1 The proof follows those of Proposition 5 and Theorem 1 closely. We list the details
that differ below.

Remember Z; = T UZ;, where Z,; = {i € [d] | ﬁgi) # 6(1.)}. However, now we have |Z;| < (1/¢ +1)s+¢ed/¢
for j € J¢ due to eN outlier tasks, and |Z;| < d for any outlier j € J. The proof for any task j € J¢ is the
same as that of Proposition 5 except for (20). Now by Assumption 1 and |Z;| < (1/¢ +1)s +¢ed/¢, we have

(1/¢+1)s+ed/C 1
(0

Alternatively, for any j € J, we have f; = () since |fj| < d. Therefore, following the proof steps of Proposition 5

1Bt = Bz, Il < V(1/C+1)s +2d/€| B M—lelzﬁ\/ HX”( m— B3

until (18), we have
1 N . Ajo . 3N, 5 .
X (B — )13+ 2 Bt — )25 < 222 B — B, -
J

Then, by Assumption 1 and |Z;| < d, we have instead

d1l, = .
1Bt = Bz, I < V| By = ]Iz < \/wn|X](ﬁf{M_5])”§-
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Correspondingly, we get

(DN 4 4)| (Bt — B gy ll1, for € 77,
||ﬁ =3 < 4dx, jed
9y for jeJg.

Again combining the above with inequality (16) and Lemma 1, we get a high probability bound of 87. Finally,
given our choice of the hyperparameters and following the proof of Theorem 1, it holds for any j € J¢ that

202(s + 2ed/3)dlog (42 2(5+2 loa(N
||3 =B < 96C0 o5 (s +2ed/3) Og(5)+370omax 02(s+2ed/3)dlog(N)
(Co—2)y n, 4 i€[N) Pn,
o7 log(N)log(%')
+12Cyd fg[az\ﬁ \/ N, ,

and for any j € J that

16d [207 1og(ﬂ)
1Bhne = A1l < —
K2

with at least a probability of 1 —§. This holds for any § > exp <_Ig(6;0002(1 -1, /%))2 + log(6d)> and

e< 1+8(§1000f/(gf°2)§;2” as we require n<1/2—1/Cy—C and (>ec. O

A.6. Generalized Linear Model

The hyperparameters are

5 N 400

A =max \/2¢M£Emax log(—

i€[N
Note that A\; = A/ /n; as in Algorithm 1.
Proof of Corollary 2 Our proof follows closely those of Proposition 5 and Theorem 1. Differently, we
replace the linear regression with the maximum likelihood estimation. For simplicity, we will use £(8) to
represent £(f | X?,Y?) in this proof. We list the details different from Proposition 5 as follows.
Denote the Hessian of our our loss function in (8) as VZ£(3). Given the property of GLM, the asymptotics

of maximum likelihood estimation holds with

VI (V2LB)) 2 (Bloa = 67) S N(0.D),
according to Van der Vaart (2000). Therefore, we have

P [1Bla.c — Bl > t] < 2P [IN(O, (VLB /)] > 1] (23)

for sufficiently large n; by the definition of convergence in distribution. For a fixed design, the Hessian of
our loss function satisfies
1 ~
VEL(B)=— > A'XB)XX] > % (24)
nj 'L'G[nj]
for any (8, where we use the strong convexity of A” in the last inequality. Then, we can obtain
1 1
< )
mln(v £( 1nd)) ¢m¢

(V ‘C( 1nd))(zlz) S)\max((VQ‘C’( 1nd))_1) =
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where the last inequality uses Assumption 1. Combined with (23) and a Chernoff bound for gaussian distri-

bution (Rigollet and Hiitter 2015), we have

{'ﬂmd (@) 5fz)| >t} <4exp (—W> 7

2
that is, Bmd () 18 (/1/(n;¢,1))-subgaussian with mean 5?1.).
Then, we follow the same proof steps of Proposition 5 and derive

2

log(g)} < 3dexp < N9’7 ) . (25)

P || i - 8,

>
20O s

Now we apply the LASSO proof technique to the GLM setting as follows. The basic inequality of LASSO is
L(Ban) + MsllBraa = Bl < £(87) + 21187 = Bl (26)
Using a second-order Taylor expansion and combined with (24), we obtain
L£(Bhan) = £(57) = VLB (Bhas = ) 2 o (Baa = B)T S (Boas = ).
where VL(87) is the gradient of the loss function. Then, following (26), we have
OBt = )7 (Baa = )+ Msl1Ba = Bl < IVLE) o Bt = 8l + Asl18” = Bl -
To bound ||VL(8?)||e, we apply Lemma 6 in Negahban et al. (2010) and obtain

) . A2n.
P [IVE(6) e < ] 21— 200 (- 320 ) (27)

2¢M$max

under Assumption 4 and 5. The rest of the proof again follows that of Proposition 5 by noticing

Bhss = B2, I < V7S D518yt — Bl < w/ﬂj”ww BT B~ )

under Assumption 1. Therefore, we finally get

6sA;
CYPm

1Bk = Bl < + 4l (Bt = 8" 20 1

Combining the above with (25) and (27), we get a high probability bound of 37. Finally, given our choice of
the hyperparameters and following the proof of Theorem 1, it holds that

log(N) log( 4
+120O log(N) log(7F)

1B = 811 < " Db VN,

24C, 20032, sdlog(4) 36’0 sdlog(N)
(Co = 2)vdm

with at least a probability of 1 —d. This holds for any & > exp (—%(00_2(1 —5V9)? +log(6d)>, as we

2Cy

require n<1/2—-1/Co—¢. O



48

A.7. Network Structure

We analyze the impact of an underlying network structure on the estimation error of 87’s. We assume knowl-
edge of a network that captures the similarity between any pair of tasks; this can be inferred based on
observed covariates (e.g., geographic distance between hospitals/stores or socio-economic indices of neighbor-
hoods served) or data from past decision-making problems (see, e.g., the disparity matrix in Crammer et al.
2008). Then, for any given task, we can optimize the “similarity radius” of learning problems from which
to transfer knowledge, resulting in error bounds that scale with the underlying network density. Specifically,
we examine error bound as a function of the underlying network structure, where vertices represent tasks
and edges capture their pairwise similarity. This sheds light on choosing the number of tasks N < N for
estimation of each task j, minimizing a bias-variance tradeoff. In other words, as we incorporate more tasks,
we reduce variance (since we have more data) but we increase bias (since we are incorporating observations
from more disparate sources).

Formally, consider the dependence of the parameter estimation error on the underlying network structure of
tasks, when available. Particularly, we consider a fully-connected network with N vertices (each representing
a task) and edge weights s; ; capturing the pairwise similarities between any two tasks (i,j) € [N] x [N] as
measured by our sparse difference metric, i.e., |37 — 8%||o < s;;. Note that this graph is undirected since
s8;,; = 8;4; furthermore, if two tasks ¢ and j are unrelated, then they trivially satisfy s, ; =d. Then, for any
given task j, we can optimize the subset of tasks Q; C [N] from which to transfer knowledge. For simplicity,

we assume a strategy where we fix a threshold s, and keep all tasks with sparse disparity at most § — i.e.,
Q;={ie[N]|si; <5}

We denote the effective number of tasks by N = |Q;|. Under this assumption, there is a tradeoff between
choosing smaller s, which yields smaller N (resulting in lower bias but larger variance), and larger §, which
yields larger N (resulting in higher bias but smaller variance). The optimal choice of § (and correspondingly,

N ) depends on the relationship between § and N. Here we consider a natural power law scaling — i.e.,
§=min(N*,d), (28)

for some « > 0. In other words, as we increase the number of neighbouring tasks we include, our sparsity
parameter increases by some power law §* until it eventually hits the maximum possible value d. Our main
result allows us to easily compute the optimal choice of § (and N ), resulting in estimation errors that scale

with the network density «.

COROLLARY 3. Under the network structure in (28) and when there are sufficient tasks N = Q(d#l), the

2a+41
—~. X ~ 2(a+1)
1B — Bl =0 [ 22

VALY

by choosing N= @(d#l) with at least a probability of 1 —§ for any § > exp (7%(00—2)2 +10g(6d)) with

4Cq

optimal estimation error of Bhy 1S

some constant Cy > 2, for appropriate choices of hyperparameters , n, and A provided in Appendiz A.2.



49

Proof of Corollary 3 Our network structure is exogenous regarding the sparsity threshold s;; thus, we
can follow the proof steps of Theorem 1 but using a selected number of related tasks N for task j-
Replacing s and N by s; and N , plugging s; = N in the error bound derived in Theorem 1, and optimizing

over N, we can derive the optimal choice of N =© (da%l) The result follows by noticing the constraint on

0 becomes § > exp (—C“‘;rl(iocf)Q + log(ﬁd)) given the current choice of § and N. [

Again, we obtain an improvement in the context dimension d; in particular, the estimation error of RMEs-
timator scales in proportion to d%, which is always smaller than the d-scaling of OLS where we do not
learn from other tasks. The extent of this estimation error scales with the network density a. When o — 0
(i.e., there are many tasks with high similarity to the target task), we eliminate a factor of v/d, which can
be substantial in high dimension and is aligned with Theorem 1; when a — oo (i.e., there are essentially no

tasks with high similarity to the target task), our improvement disappears and the error converges to that

of OLS.

A.8. Minimax Lower Bound

In this section, we provide a minimax lower bound for our multitask learning problem. This shows that our
RMEstimator is minimax optimal and matches the lower bound in the data-poor regime.

Define

Q(s, M) ={BeR[||B—B'llo < s}

Then, the minimax risk of the estimation error in our multitask learning setting is defined as

(B, 37) = inf sup E[||37 — B7]|,]-
B BteRY{B7} ;e vy S Q(s,8T)
(XY ey AP jern

Since we do not know ', we take 3! as a parameter as well and consider the worst-case loss over 87 together

with {37};c(n). We have the following result for the minimax risk (defined above) of our multitask problem:

PRrROPOSITION 10. The minimaz risk of the estimation error in our multitask learning setting in the stan-

dard regime satisfies

TR e ) d
£(375)—Q<\/7Tj+m>,

and in the data-poor regime satisfies

ﬂ@ﬁ0=9<;%)

The minimax lower bound in the proposition above matches our upper bound in the data-poor regime in
Theorem 2. However, in the standard regime, when d>> s, there’s a O(M) mismatch between this lower
bound and our upper bound in Theorem 1; closing this gap could be an interesting direction of future work.

Proof of Proposition 10 Considering a worst-case scenario over X’’s and P?’s, it suffices to assume €’ ~

N(0,57T) and S =1 for j € [N] in the following.
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First, we have

S

(3, 5) = it sup E[|’ - #|a] zinf sup E[|F — B[] =

BI Bt=0;{B9};e[n)CQ(5,0) B7 pIeCQ(s,0) \/TTJ)
The last inequality holds since no knowledge is shared in this case (i.e., 37 =0) and we can treat each task
separately. As we have a sparse (37, the minimax lower bound coincides with that of a high dimensional
linear regression problem. The proof follows a local Fano method (see, e.g., Section 8.4.1 in Duchi 2023)
and a local packing construction (see Theorem 1 (b) in Raskutti et al. 2011). We list the details below for
completeness. Let V be a packing of the set {v € {—1,0,1}¢|||v|lo = s} and V be a random variable that
takes values uniformly on V. Then, by Lemma 5 of Raskutti et al. (2011), there exists a V such that the

£1/2) and ||lv —v'||o > s/2 for any v,v’ € V. Define 7 = v, and we have

cardinality |V| > exp(slog(% 7

185 = Bl = 8llo = 'l =6 Y o) = v(yy| = 56/2,
i€[d]
where the last inequality holds since v consists of only values —1, 0 or 1. Next, given our assumption on €’

and S , the KL divergence has the following explicit form and satisfies

S o . n,;62 458%n,;
D J J, — X] j J/ 2 < J 12 < J7
kl(/B’U|ﬂv) 20,]2” (/B'u ﬂv)H27 20_12 ||U /U||27 ]2
where the last inequality again uses the fact that each element of v takes only values —1, 0 or 1. Using the

Fano’s inequality (see, e.g., Proposition 8.4.3 in Duchi 2023) yields the lower bound

I(V;Yj)+log2)>5(5 ) 4s0°n; /0% +log2
log |V| -2 slog(475)/2 ’

where I(V;Y7) is the mutual information between V and Y7, and the second inequality uses I(V;Y?) <
, then we have £(B7, 37) = )(—=).0

0'32. log( %)

972 2v Dri(8]] 81 (see (8.4.5) in Duchi 2023). Taking § =

32n; VT
Moreover, we also have
Y 33 J 504
(B, 87) > inf sup E[l57 = B[] =Q(—=),
B3 pteRd;Bi=pt,vje[N] \/ﬁ
where n =3 yn;. As 7/ = Bt for any j € [N] represents the homogeneous case where all tasks are the

same, it reduces to a linear regression problem with n =3 17 samples. Thus, we can directly apply the

JEIN
minimax lower bound of linear regression in Example 8.4.5 of Section 8.4.1 of Duchi (2023), where we use a
similar proof strategy as above.

Combining the above two results, we have

U3, 57) =

In the standard regime where n; = ©(n/N), we have 0B, 37) = Q(—== + \/%); in the data-poor regime
where n; = O(n, /d?), we have (37, 37) = (F \/7) Q( O

s 1 s
since < .
ez )’ \/Nnj VT

% Note that Raskutti et al. (2011) provides a loose lower bound of (, /-2-); here we improve their bound by using
nj
the local Fano method.
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Appendix B: Lower Bounds for Baselines

In this section, we provide detailed statements and proofs for the lower bounds discussed in §3.4 and Table 1.

It suffices to derive a lower bound for a concrete instantiation of G = {{X7};cin1, {6 }jenvy, {P? e}
since the error measure in (7) takes a worst-case scenario over G. Therefore, for the remainder of this section,
we assume €’ ~ N(0,07T), and S =1 for j e [N]. Our choices of errors €’ are all gaussian, which ensures
the parameter estimates are gaussian as well, thereby enabling us to obtain lower bounds by applying the

following lemma:
LEMMA 4. Consider a multivariate gaussian random variable X ~ N (p, X)) € RY. We have

1 1 1
— + —tr(X2).

Proof of Lemma 4 Consider the ™ component of X, i.e., X(;). Let 07 = X, ;. We have X ;) ~ N (p(),02).

E[IX1)=

Without loss of generality, assume fi(;) > 0; otherwise, we can consider —X(;y instead and its £; norm stays

the same. By our gaussian assumption, it holds that

E[[X ) = / &+ pgo|

Then, we further have

E[IX[1]=> ElXwll= |M||1+\ﬁ2\/2(u>_2lu|\1 \ﬁ tr(X2),

i€[d] i€[d]
1 1
where the last step uses /X ;) = ||E(21)||2 > Z(Qi,i)' O

B.1. Independent Estimator

22 oo s
eiﬂdxz/ (@ + pey) e i dr=
0

1 1
= — +7Ui'
\2mo? 21 V2m

2mo?

k3

First, we provide a proof of lower bound for the independent estimator Bfnd.

Proof of Proposition 1 For our choice of X7 and €’, the estimation error follows a gaussian distribution:
o2
T~ N .
lnd B < n] >

do;

\ /27m

Therefore, using Lemma 4, we have

O

E {18 - #l1] =

B.2. Averaging/Pooling Estimator

Next, we provide a proof of lower bound for the averaging estimator B and the pooling estimator B

avg pool*

Proof of Proposition 2 For our choice of X7’s and €’’s, the estimation error of the averaging estiamtor

follows a gaussian distribution:

~ L1 o 1 o1 2
BB = S Bla =8+ @ =0~ N | £ S -0, 5 Y 2

ie[N] i€[N] i€[N] i€[N]

Therefore, by Lemma 4, we have

E (18— B 1] >
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Similarly, the estimation error of the pooling estimator also follows a gaussian distribution:

Blow =B = > XX 3T XX + Y xxe Z XTe

i€[N] i€[N] i€[N] i€[N]

N Zie[N} n; (6" —d¢7) Zie[N] oin, I
ZiE[N] U ’ (Zie[N] n;)?

Therefore, Lemma 4 implies

i€[N] ni(6" —

Zie[N] n;

In data-poor regime, we use all the instances except j to calculate ﬁ

_ 1 ZE[N o?n;)Nn; ¢
1Bl oot = Bl = . ,
|: pool 1€[N 2 Nnj

and B

The proof strategy is

avg pool*

similar. O
B.3. Averaging Multitask Estimator
Finally, we provide a proof of lower bound for the averaging multitask estimator. Following the proof of
the LASSO lower bound in Theorem 7.1 of Lounici et al. (2011), we assume that \; is chosen based on the
corresponding upper bound analysis; thus, we let \; = ? log(%) and § = d~P° with a constant Dy >3
through a similar argument as Lemma 1.

Proof of Proposition 3 The proof strategy is adapted from that of Theorem 7.1 in Lounici et al. (2011).
The first order condition of problem (3) is,

,%j (XjT(Yj - Xjﬂf&M)) @) = /\jSign(ﬂiM,(i) - 5LM,(i)) if foM,(i) # ﬂij,(i)

+ (XjT(Ya‘ _ XjBfm)) (,)’ <\ if Bj&M,(i) = BLM’(I.).

Note that on the event H7 in (15), it holds that = \(XJTEJ)( )| <%, Combining it with (29), we have

B\ _
1

1
n;

Lo xm), ] G

J
for each 4 such that 3 . gt , where the last equality is from our assumption 3 = 1. Note that for
AM,(3) AM,(3)

the rest of the components in [d], we have B\iM’(i) = B\LM (1) Summing over all i € [d], we get

3|V|)\

||5AM B> (30)

with at least a probability of P[H’] > 1—d~¢ /2 given our choice of \;, where V = {i € [d] | Bi&M,(i) # BLM,(«L)}'
Define 8%y, = By — By and 6%, = B7 — By, where 81, is defined in (4). Note that [V] = ||8%lo-

Next, we prove by contradiction that S\QM’U) =0 implies gfﬁ,‘M’(i) =0 with high probability for any ¢ € [d].
Suppose this is not true and there exists i € [d] such that 63y, ;) =0 but 63y, ;) # 0. Again, by the first order

condition (29) and on the event H?, we have
~ _ ~ _ 5\
|(B/T%M =B =1Bam — Bl < Tja
and hence

L~ 5\ ~ ~
|(ﬁj - BTAM)(i)| < Tj + |(ﬁLM - ﬁTAM)(i)l'
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Note that

~ ~ 1 ~ . 1
B B =7 2 Bua =)~ {055 -

ie[N] i€[N]

Using a Chernoff bound, we have for any ¢ >0 and ¢ € [d]

~. ~ t2
P [|(/8,TA,M _ﬂLM)(i)‘ 2 t} <2exp <—w> .
N2 £Lumé€[N] ny,

Take t = \/ M 2 melN] "72”, where Dy is any constant with Dy > 3. Then, using a union bound over
H7, the true parameter 57 should satisfy
- 50(14 Dyg)o? 2D, o2
T R e =~9v m
[(8” = Ban) ()] < \/ ", log(4d) + 2 g[m - log(4d) (31)

with at least a probability of 1 —d~Po.

Note that the inequality (31) should hold for any parameters {7} ;c(n) if our statement holds true — i.e.,
there exists ¢ € [d] such that B\AM,(Z‘) =0 but gf\M’(i) # 0. However, we can find $7’s that do not satisfy (31).
Consider the following two situations respectively: (i) Ns <d and (ii) Ns > d. In particular,

(i). when Ns<d, let (a) |0(,| > w log(4d) + \/QDO > meln] 272” log(4d) when 4,y # 0 for any

€[d], k€ [N], and (b) [{k € [N][df, # 0} <1 for any i € [d];

. ; 50(1+D )a2d
(ii). when Ns > d, let (a) 4, > \/ > g(4d) + \/22’?;22 me[N] = Zin = log(4d) and —df,) >
50(1+D0)U “ o og(4d) + \/2’2?\[‘22 meN] log(4d) when 5? )20y # 0 for any k # j, i € [d], and (b)

{ke[N ] \ oy # 0} = Ns/d for any i € [d].
In both cases, we find specific 47’s that raise a contradiction to (31). As a consequence, whenever EXM’ )= 0,
it holds that 55%1\/1,(2‘) =0 with probability at least 1 —d~¢, and hence ||§%y]lo > ||0Ar]lo- Correspondingly,
note that [V| > min{Ns,d} given [|0%,]lo = min{Ns,d} in our design above.
Additionally, it always holds true that

15 — 8111 2 (Bl — B)ve |-

By Lemma 4 and given the set V, we have

1)1
E 1Bl = #)vells] = 5 || %

(32)

where the last equality holds because the support of ngM includes that of giM as shown in the last paragraph.
Given |V| <d and the fact that |V| > min{Ns,d} holds with probability at least 1 —d~“, we derive from (32)
that

E|IBn - 811 2E |d= [V zmin{Ns,d} | (1—d">).  (33)
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Further, from (30), we also have

3(1—d=Po/2)|V|);

1 d>|V|>min{Ns,d}| (1—-d ). (34)

VA
4

E (18- 1] 28| 0% P[] 25 |

Combining (33) and (34), we have

~ . 1—dPo 3(1 = d=Po /2)[V| )\, 1 1 o2n; d— |V
E (1B~ #ll] 2 E |3 2V L A=V

il d>|V|>min{Ns,d} |,
2 4 V2 NiE[N] n; /Nn;

where we use max{a,b} > (a +b)/2. As the above lower bound is linear in |V|, its minimum value is taken

at either end of the interval [min{Ns,d},d]. Therefore, we can derive that

3(1— dD0/2)d\/2(1 £D00% |

E [HﬁJAM - ﬁj”l > (1 — dDo)min{ 5 o

o?n; max{d — Ns,0}
n; Nn,

J

log(4d) +

)
EH
3

3(1—d~P0/2) min{Ns, d} \/2(1 + Dy)o?
2 n;

Therefore, when Ns=o(d), we can write

E 184 — 511 | =

when Ns=1Q(d), we get

E [I1BAn — #7111 ] = 6

The proof for the data-poor regime is similar, where in the first stage we use all the instances except j to

calculate BLM. O

Appendix C: Proof Strategy for RMBandit

In this section, we sketch the proof of our regret bound in Proposition 7 (and hence Theorem 3). The proof
builds on the regret analysis of LASSO Bandit (Bastani and Bayati 2020), but with the confidence intervals
afforded by our RMEstimator in the random design. As noted earlier, one key challenge is the requirement that
the OLS estimators { Bijnd} jen] across different instances be independent in order to invoke our RMEstimator;
RMBandit achieves this goal using a batching strategy, as highlighted in Lemma 5.

Forced-Sample Estimator. Our algorithm uses a separate forced-sample estimator, which we can guar-
antee is close to the true parameter with high probability. Intuitively, the forced-sample estimator is suffi-

J
sub

ciently accurate to exclude arms in K7 , from consideration, and thus the all-sample estimator only needs

J

to identify the optimal arms among X} ,;, which can be proved guaranteed with high probability.

PrOPOSITION 11. When N =Q (log(d)log(T)), the forced-sample estimator Bﬁ,o =pl (Bo, Ao, wo) satisfies

N . 8
P30 — Bl > | < 7

for the choices of hyperparameter (o, Mg, Ao, and q specified in Appendiz D.1.
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We give a proof in Appendix D.1. At a high level, this result follows directly from our tail inequality in a
random design (i.e., Proposition 6), since the forced samples are i.i.d. random variables.

All-Sample Estimator. Next, we provide a tail inequality for our all-sample estimator for all arms
that belong to K7.,,. In contrast to the forced-sample estimator, which is based on O(log(T")) samples, the
all-sample estimator is based on O(T) samples (since we will show that all optimal arms receive a linear
number of samples with high probability). Therefore, the all-sample estimator has smaller error than the
forced-sample estimator (the tradeoff is that these samples are adaptively assigned to arms, so they may
be collected from biased regions of the covariate space; thus, the i.i.d. samples generated when using the

forced-sample estimator are needed to ensure that the all-sample estimator converges). In particular, define

the following event, which says that all the forced-sample estimators have small error:

. , h
A= {13280, hos) ~ Bl < -

max

,VjG[N],kG[K]}. (35)
This event holds with high probability by Proposition 11. Our next result shows that our all-sample estimator

satisfies the following tail inequality conditional on the event A.

PROPOSITION 12. When the event A holds and N = Q (log(d)log(T)), the all-sample estimator E,im =

B\i(Bm,/\ldﬁ,wl,m) of optimal arm k € ICf;pt satisfies

sdlog(dpy|Bal) \/sdlog(pm o \/log(dpleml)log(pN)

|@mmmsa¢

p;| Bl ;| Bl Np;|B.|
with probability at least 1 — (miniewi BT lezm‘ "‘Ziewk 7dexp(—%§i’:')) for the hyperparameter

choices (1,0, .0, and A1,0, and the constants Cy, Cy and Cs specified in Appendiz D.1.

We give a proof in Appendix D.1. As previously discussed, since our all-sample estimators are constructed
using all available samples, they may not be independent across instances; however, the trimmed mean
estimator in Step 1 of our RMEstimator (described in §3.2) requires that the OLS inputs are independent
across instances. By using a batching strategy, we ensure that the samples from the same batch B,, that we
use to calculate the OLS inputs are (conditionally) independent across bandit instances (note that in Step
2 we still use all the data of the target instance from all batches B;,). In particular, we have the following

lemma:

LEMMA 5. The samples assigned to arm k in batch B,, (for any m >1) are independent across bandit

instances conditioned on F,,—1 =0({Xy, Z;,Yi e, -, ), the 0-algebra generated by the samples from B,,=1.

We give a proof in Appendix D.1. Given this lemma, Proposition 12 follows instantly by applying Proposi-
tion 6.

Regret Analysis. Finally, we describe how the above results enable us to prove Proposition 7. For this
regret analysis, we decompose time steps ¢ € [T into three cases, and bound the regret across time steps in
each case separately:

(i). when T'< N, or the forced-sample batch (¢ € By) or the first all-sample batch (t € By);

(ii). when T'> N and A does not hold, all the remaining batches (¢ € B,, for m > 1);
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(iii). when T'> N and A holds, all the remaining batches (¢ € B,, for m > 1).

For case (i), note that the sizes of the first two batches By and By are both glog(T') and ¢ scales as O(Kd(sN +
d)). In the worst case, the regret for one time step is at most 2bz,ayx, so the regret in this case is bounded.
For case (ii), we have shown that the event A holds with high probability. Similar to case (i), in the worst
case, the regret for one time step is at most 2bx,., so the regret in this case is also bounded with high
probability. Finally, for case (iii) when .4 holds, Proposition 12 guarantees that the all-sample estimator
has small error with high probability, again ensuring that the regret is bounded with high probability. We
provide the details in Appendix D.1.

Appendix D: Multitask Bandits
In this section, we provide the proofs for Proposition 7 and Theorem 3 in §D.1, and Theorem 4 in §D.2.
D.1. Standard Regime

The hyperparameters are

Co—2 /s 271og(d)|B 9
wo = (o + Mo, CO:CI,O:ZC,O\/;a Tlo = i(N)M’ Moo= T

960222, K log(d)|By| 3840222
Ao = max ,  A1p=maxy/ ————,
i€[N] q i€[N] jom
and
R 2-3843CF s . (max;e vy 07 /pi) K sdlog(d) 576C3 2, (max;c(n) 07 /p;) K sdlog(N)
! (Co—22R2p2v? | Wp.t |
6-1922C3a2 . (max;eny 07 /p;) Kd? log(d)log(N) 9622, Kdlog(dN) }
h2p b N ’ p*¢(minie[N] pi)
Note that
log(d| By.|)

/\0,3‘:/\0/ |Bé\7 C1.m = C10, 7]1,m=771,0\/10g(d min |B%D7 Aljm = A1,0

i€[N],|Bi, |>0 |Bfﬁ|
as in Algorithm 2.

The constants in Proposition 12 are

96°Co0; Tmax 3C, 202p; 24C 202p.
Cl :07031;)/27 02: O(maX Uzpj)) 03: O(maX Uzpj).
(Co—2)pi" 2 2p. ielN | Yp; pe €N\ Yppi

Forced-Sample Estimator. First, we provide an estimation error bound for our forced-sample estimators

(i.e., Proposition 11). For simplicity, we use ¢, 7 and A; to represent (o, 79 and Ao ; (described at the beginning
of §D.1) respectively in the following.

Additional Notation. Let B} be the index set of observations at instance j, B, C B} be the subset forced
sampled at arm k, and B}, C B) , be the subset where X, € U}; particularly,

By={teBy|Z =j}, B, ={tcBy|Z =j, (k—1)=(>_ 1(Z =j)—1) mod K},

re(t]

By ={teBy| Z,=j X, €U, (k—1)=(>_1(Z =j)—1) mod K}.

re [t]

Let fl(B) be the sample covariance matrix calculated using the samples { X}, i.€., i(l’)’) =35 Xt X, /B
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LEMMA 6. The forced samples at arm k are independent across bandit instances.

Proof of Lemma 6 The forced samples of arm k at instance j are {(X,, }/t)}teBé'Yk, where the set of covari-

ates is
(X, |teB,, Zo=j, (k—1)=(>_ 1(Z, =j)—1) mod K}.
reft]

Since {(X;, Z;) }ten, are independent, X, is independent of Z,, and X, conditional on Z; for any ¢’ # ¢ and
t' € By. Therefore, given Z, = j, we derive that ZTEW 1(Z,=4)—1= ZTE[FI] 1(Z, = j) is also independent
of X,. This implies X,’s observed at arm k are independent across bandit instances. Similarly, Y;’s are also
independent across different instances noting that the noises ¢, only depends on Z, by design. The result

then follows. O

LEMMA 7. The samples {X,},.pi _ are . d. with distribution Pk, and its subset {X,}, i _ are i d. with
0, 0,k

distribution P’ ;-
X|xeU]

Proof of Lemma 7 Similar to the proof of Lemma 6, we can show that {Xt}tesg , are independent. As
Zre[t] 1(Z, = j) is independent of X, given Z, = j, X, follows the distribution P%. On the other hand, the
subsamples {Xt}zes'gvk form the set

(X, |teB,, X, €U, Zy=j, (k=1)=()_ 1(Z,=4) —1) mod K}.
’I’E[t]

Since {(X;, Z:) }1en, are independent, X, is independent of Z,, and X,/ conditional on {Xt ceUl 7, = j} for

any t' #t and t' € By. Correspondingly, we can conclude that {Xt}tegé,k are 1.i.d. drawn from Pﬁ(lXeUﬁ' O
LEMMA 8. Define the events

D3, = {183, > 218 Mi={ 18| > 2B 36

b= {18 = 2B} = {183 > 2ol ) (36)

Then, it holds that

- 1B , ,
P[Déyk]>1—2exp<—p |16”“|>, P[Mg]>1—2eXp(_J£0|>,

given | B} | and |Bo| respectively.

Proof of Lemma 8 Applying Lemma 21 to the indicator random variables 1 (t € B‘é’ k) forall t € Bg, x With
= [Lieny, 1(t€Bh)| = Ciesy, PIXi €UL | Z, = j], we have

=i Iz Iz
P[I1BL — 2 5] <2exp (- 52).

Noting p > p*|Bé,k| by Assumption 7, our first result then follows.
Similarly, applying Lemma 21 to the indicator random variables 1(Z,=j) for all t € By with p =
E [Ztego 1(Z; :j)] = ZtEBO P[Z, = j] =p;|Bo|, we have
. B i|B
P (1541 - ol > 22 < 2 (- 201,

which implies our second result. [
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LEMMA 9. Define the event

[CIRSS

} . (37)

P&, ]>1-d V1B3..|
[ O,k] Zl—aexp 8d$2 )

€l = {Amin@(Bz;,k)) >

Then, we have

< pﬂ/}‘BO k| p*‘Béﬂ
>1— ) X0kl
1 dexp Toda? n exp 0 ,

Proof of Lemma 9 Note that {X, X"}, 5 are iid. according to Lemma 7. Our first result follows then

’U

P [ Amin(S(53,4)) =

given | B} .| and |B) | respectively.

by applying Lemma 2.
Conditioned on D, in (36) and & ;, in (37), Lemma 22 implies /\min(i(Bg!k)) > p,p/4. Therefore, we have

p*,(/) N (& cJ (& cJ c oYl NJ (&
P Prun((84,0) < 52| <P (04,070 (€807 <P [E,0°|D4,) + P (P47,
Then, applying Lemma 8, we have

= p*|86k‘
J ¢l < _ s
IP) [(DO,k) } — 26Xp < 10 )

55 \e | A VBl | P |BG 4l
]P [(g&k) O,k] S E [dexp ( 8d:1}2 D(J)’k S dexp m .

Our second result then follows. O

Now, we prove Proposition 11 by combining Proposition 6 and all the previous results.

Proof of Proposition 11 Lemma 6 and 7 imply that the forced-sample OLS estimators are subgaussian
and independent across task j € [IV]; thus, the conditions of Proposition 6 are satisfied. Applying Proposi-
tion 6 by setting =p.¥/2, we have

S Y 2 3
P8 —Bill > J 3¢ +4n) max lo
[n Lo il = 2222 42003+ 49) p*«mzs’ 1oe(2)
Ny? X183 ; P
< 3dexp (— 9 )—|—2dexp< 396 Jmlznax —&—ZE[ZN Amin ( Bo p)) < 1

Nn? 2[3
§3dexp<— ;7)+2dexp< 320|$2|>
J “max

p*¢|30k| p*|BOk|
+Zdexp< 6da? ) 22 ( ,

i€[N] max i€[N]

given {|BY .| }ic(n), Where the second inequality uses Lemma 9. Since |B? | = |B}|/K by our forced sampling

design, we have for given {|B{|}icn)

~ 24\;s Ko? 3
P J 7 +2Cod (3¢ +4n) max log(—
I8Lo = Bill 2 22+ 200d(8C + amymay |~ g(nﬂ
N2 A2|BY|
< — 2
_3dexp< 9 )+ dexp( 732}(0]95?%)(

_pYIBy| _ p|By
+Zdexp( T6Rdo? +ZQexp 0k ) (38)

max i€[N]
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Now we configure the hyperparameters ¢, A;, n and ¢ (recall that |By| = glog(T")) such that our forced-
sample estimator has estimation error smaller than h/(42,,.x) with high probability. Similar to the proof of

Theorem 1, we take ( = C" 2 \/g we further set

2710g 2Tlog(@IBol , _ \/96ojxammog< )|Bol
q|By| '

In the following, we will frequently use the inequality

3log(T)log(x) > log(Tx) (39)

for T'>1 and any z > 1. Given our choices of n and A; and inequality (39), the sum of the first two
probabilities on the RHS of (38) is upper bounded by 5/7". To bound the sizes of the batches {|Bf|}iciny, we

apply a union bound over (,¢y; My} defined in (36) using Lemma 8. This yields

[T T08C00,tmax (3K sdlog(d) | (3\@ 310g(d)|80|> o [Eo?log(N)
(Co— 2) Y ap; gN 2p.¥pi|Bo|
<7+ 3 dew (~ g )+ 3 dow (-2RR)
< % +lez[]:\,] 3dexp ( M) ., (40)
where we use log(% log(N) , the first inequality uses P[(M})°] < 2exp (— Mf"'), and the last inequality

)<
uses ¥ < Amin (21) < Amax (37) < || X [|2 < da2 . Next, we choose a sufficiently large ¢ such that

X

h 768C00;Tmax | 3K sdlog(d) h 3Vsd Ko?log(N)
> ’ >y maxi [ ————-"—"
8-Tmax (CO - 2)19*1/1 qu 16mmax 2 i€[N] 2p*¢pz|80|
h 310g(d)|60| KUQ log p*¢pz|BO|
>24Cyd = 3dex — |.
162 max 0 \/ gN g[%\?{ Qp*wpl|80 T - zez[]:\f] 32K dx? ..

With a choice of ¢ satisfying all the above constraints, the result then follows (40). It suffices to set

2 ax(max;eny 02 /p;) K sdlog(N)
(o~ DPhpts / .0 |
6-192°C3a2 . (max;eny 07 /p;) Kd? log(d)log(N) 9622, Kdlog(dN) }
th*¢N ’ p*¢(mlnie[N] pi) .

Remember we also require n <1/2 —1/Cy — ¢ according to Proposition 6, which is satisfied as long as

log(T) < (C;’COQ <1—;\/§)>2 %g(d). 0 (41)

All-Sample Estimator. Next, we prove Proposition 12, which shows our all-sample estimators have

o {2 3842Cwn . (max, e[y 07 /p;) K sdlog(d) 576032
q = max

small estimation errors with high probability. For simplicity, we use ¢, # and A; to represent ¢y .., 91, and

A1 (described at the beginning of §D.1) respectively in the following.
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Additional Notation. Let BJ, be the index set of observations at instance j in batch m, BJ, , C BJ, be the
subset batch sampled at arm k, and an,k - Bfn’k be the subset where X, € U when A holds; particularly,

for any m > 1,

B, ={teB,|Z =i}, BlL.={teB.|Z =j 7t (X,)=k},
B .={teB,.|Z,=j X, eU?, A},

where we use the notation m to represent the union J;", and m to represent |J;,-,, e.g., Bm = U~ B,

Bf-n’ v =Uo Bljy », and, with a slight abuse of notation, we use 7Tff;1 to represent the sub-policy of instance j
estimated using the data from B,,- ;.
First, we provide a proof for Lemma 5 to show the conditional independence of our samples in each batch.
Proof of Lemma 5 The collected samples of arm & at instance j in the batch B,, are {(Xt,}/t)}tegzn,k7

where the set of covariates is

{X.|teB ., Z,=j, 77 (X)) =k}.

Note that our estimated policy 7TTZnt;1 depends on Z, and is constructed using samples from B,,-;. Since
{(X:,Z:,Y:) }ien,, are independent, {(X,,Z;,7”% | (X,))}ses,, are independent conditional on F,,-;. Thus,
for any t' #t and t' € B,,, X, is independent of Z,,, X, and ﬂi’{l(Xt/) conditional on {Z; = j, ”itq(Xt) =
k, Frn=1}. This implies X,’s of arm k in batch m are conditionally independent across instances. Moreover,
since the noises €,’s are independent of X,’s and only depends on Z,’s by design, the result then follows. [

REMARK 9. Note that the samples across instances are also independent given {A, F,,=} since A € F,,- ;.

LEMMA 10. (i) B?, , C B2, ., (ii) {Xt}teBZ;ﬂ _are di.d. from P? conditioned on F,~—1, and its

Ximy, =y (X)=k
subset {Xt}fegin,k are i.i.d. from P;qerg’ and (i) {Xt}teg%,k are i.i.d. from P’

X|xeul”

Proof of Lemma 10 The first claim follows Lemma EC.11 in Bastani and Bayati (2020). If Z, = j, X, € U}
and the event A holds, then 77t | (X,) =k and hence ¢t € B, ,.

Similar to the proof of Lemma 5, we can show that {Xt}teb’fn,k are i.i.d. from distribution ijlﬂfn—_l(X)ﬂ
conditioned on F,,-;. Additionally, note that the event A only depends on forced samples from B, and
is hence independent of {(X;,Z,)}ies,, for any m > 1. Therefore, X, for any ¢ € B7, , follows distribution
’P;‘XEUi. Since {(X,, Z;) }+es,, are independent, X, is independent of Z,, and X,/ given {Z, = j, X, € U7*, A}
for any t' #t and t’ € B,,. Thus, {Xt}tGBZn,k are also independent.

are also i.i.d. from P’

Correspondingly, we can show {X, xeud
k

{teUL, B[ Z =j, X, e U/, A}, O
REMARK 10. Note that (ii) and (iii) both hold further conditioned on A. The first statement in (ii) still

v 2 _ | R
}teg%k where B, = UL, Bl =

holds as A € F,,,-, while the second statement in (ii) and the statement in (iii) hold as {(X;, Z;,Y:)}s, are
independent of {(X¢,Z,)}5... .

LEMMA 11. Define the events

m m

_ _ [ ) ) D ) 3p; ) ;i
D= {18l 2 1801 M= {1800 = BB} M= { il 2 620 = Bl a2
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Then, we have

_ B A 1B, , 1B
P[D%MA]Zl?exp(p'm |), P[Mil]212exp<p]|10>, P[ML]ZlQexp<pj|10|>,

given | B2 |, |B,.| and |By| respectively.

Proof of Lemma 11 By definition of Bm », We have

B =Y 1(teBl,)=> 1(Z=4X cU/)1(A).
teB, teB,

Take o = E[|B), /| A] = B [yes, 1(Z0 =3, X €UZ)| = yemy, P[Xi €UL | Z,= j], where the second
equality is from the fact that {(X;,Z;)}ses,, are independent of {(X;, Z;,Y:)} es,- Then, the first bound
about D7, follows using Lemma 21 and the fact that p > p,|B? | given by Assumption 7. The rest of the
proof is similar to that of Lemma 8. [

REMARK 11. Note that the high probability bound of |B | also holds conditioned on A as {Z;}:c5,, are
independent of {(X;, Z;,Y:) }ien, -

LEMMA 12. Given |B? |, we have

s a2 ] P.YIBL| p.lBi
P Amm(zj(lg )) A _1 (dexp( 16dz 2 —|—2exp 10 .

max

Further on the event M3, and M2 in (42), it holds that

[ ; p| oy pY|Bg, | P B
P rmn( (BLx) > 54 Al >1 (dexp( T6da? +2exp 10 .

max

Proof of Lemma 12 Define the following event analogous to (37)
- ¥
o= {Aon BB 2 3 |

By Lemma 22 and the fact that |B7,| > |B% .|, it holds that Amin(i(lgi%k)) > p.1/4 on the events D’ , in
(42) and &/, , above. Thus, we have

P A (5(8,,)) < 22F A] SP((D7,) U ()" [ A S P[(E,0)° | Dhis Al + P [(D7,0)° [ A].
Our first result then follows by noting that
P*¢|By | NI c p*|Bin|
[ |Dmk, ]<dexp< 16ds gmX>, ]P’[(Dﬁnk) |A]§Qexp< 10 ,

where the first bound can be derived similarly following the proof of Lemma 9 given Lemma 10, and the

second bound uses Lemma 11.

Since |B7,| > B2, .|, the above also holds for Amin (3(B7.)). Then, on the event M?, and M2, we have

y B, iy Bl Pt putp
mm( (B )) |B | mm( (B )) ‘BJ‘ 4 2 247

where the last inequality uses Lemma 22 and the fact that |B5| = 2|B,,|. Our second result then follows. O

Now we provide the proof of Proposition 12.



62

Proof of Proposition 12 At a high level, our proof is adapted from Proposition 6, and similar to that of
Proposition 11, but now conditioned on A. However, it differs in the following two aspects. First, given arm
k, we consider learning across a subset of instances of which arm k is an optimal arm, i.e., W, C [N] defined
in Assumption 10. This is because the suboptimal arms won’t observe any users on the event of A. Moreover,
since we use batch data from {B}, ,}ic|n) to compute our trimmed mean estimator but now all data from

Bﬁh’k to debias for instance j using LASSO, we now bound the following events

o 2 T Aj
(R )= T el < J
H (B, ) = {|B X e||oo2},

and {Amin (f)(Bfﬂk)) > p.1/24} instead (in contrast to H(BY, ;) and {)\mm(i(Bimk)) > p.1p/24}) respectively.
In our definition of H7(BZ, ;) above, for simplicity, we use (X7, Y7) to represent data collected at arm k and
instance j up to batch m, i.e., {(Xtht)}teBiM? note that Bf-n’k contains an adapted sequence of observations
so we will use a concentration inequality for martingale sequence to bound H’ (Bin k)

According to Lemma 5 and 10, our all-sample OLS estimators are subgaussian and independent across
instances conditioned on {A,F,,=1}; thus, the conditions of Proposition 6 are satisfied. Applying Proposi-

tion 6, we can write

144M\;s o2
["Bkm_5k||1 poC +2Chd (3C+4n)lr£3v):\/wlog(n)‘A F, - 1‘|

<3dexp< p]\;n )*P[(H%B’ W)° ml]”"[ min(S(B], >>,p*¢ A Fom }
Y )
+Z€ZW)€ |: mln S 4 A7-Fm—1:|a

given {|B:, .|}iew, and |BZ, ,|. Using a concentration inequality for martingale sequence as in Lemma EC.2

in Bastani and Bayati (2020), we can prove that

o 2182,
IP’[HJ(Bi%k)]Zl—QdeXp< W) (43)

J “max

with a similar proof strategy to Lemma 1. Taking expectation over F,,-; on both sides, we obtain

~ L 14d)s o? 3
Plllﬁi,mﬂilhz —+2Cod (3<+4n)max\/log(n)|«4

puCY €Wy 1B}, i
pNTF Q‘Bm k| . S vi M
< 3dexp (— 5 >+2dexp< 20728 +P | Anin (R(BF0)) < 5 | A
mln m,k = 4 9

i€EWy
where we apply (43) and use |B%, ,| > |B, ,|. Note that on the event @j & in (42), we have B2, .| > B2, .| >

p«|BL,|/2 using Lemma 10. Thus, with a union bound over (., D;, , we have
144)\ s
[”Bkm Bl > +200 (3¢ +4n) max“ 2¢|BZ log ‘ 1
pNn A3p.| B S Pt
< i Tml i) <
3deXp( 9 ) +2d ( 64 JQ ?nax +]P) mln(E(Bm,k))— 2 A
B D B
PEWy €Wy
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given {|B., ,|}iew, and |BJ, .|, where we use Lemma 11. Similarly, we take ¢ = <22 f and set

_[9log(dminiew, B | _ \/384ajxgaxlog(d|65|)
pN C Pl Bl '

Since |B!,| =0 for any i € [N]\ W conditioned on the event A, the value of n is equivalent to

_ 9log(dmin;e(ny, i >0 |Bi,])
= pN *

Further, as log(dmine(n),s: |0 |B},|) >1og(d) > 1, it holds that ,/log(%) <4/ %. Then, using a union

bound over ﬂiEWk (Mi NMZ) and applying Lemma 12 and 11, we obtain from inequality (44) that

= j sdlog(dp;|B|/2) sdlog(pNN) log(dp;|B.|/2)log(pN)
V- > o Ye\PAY T
P[”ﬁkm 5k||101\/ j|B’| +Cy 1B, +Csd Np;|B| A

< 2d ex 10exp | ————
~ min;ew, pi|Bm | |B | + Z o ( 32da2, zezwk 20

iEWy, max
6 4 DuD: | B, |)
< - —+ + Tdex ( )
MIMiepwy pi|Bm‘ pJ|B | zezw:k 32dx3,
where C, Cs, and C5 are constants listed at the beginning of §D.1, we use |B,,|/|B| =1/2 for m > 1, the
first inequality uses P [(M?,)°U (MZ)¢] <4dexp (f%lo&"‘) and the last inequality uses v < dz?2, . .

Finally, to satisfy n <1/2—1/Cy — ¢, we require

2
Co—2 1 /s pN
< — =2 )) &

Since |B,,| < T, we conclude that it suffices to have N = Q(log(d)log(T)), combined with (41). O

Regret Analysis. Finally, we prove Proposition 7, which provides an upper bound on the cumulative
regret across all bandit instances, by bounding the regret of the three cases listed in Appendix C.
We begin by providing the following useful lemma, which shows a sufficiently large amount of data is used

to train the all-sample estimators.

LEMMA 13. For any t € B,, with m > 1, we have
t t
B 1|>-, |B.1|>=
Bual2 5 B2

Proof of Lemma 13 By our design, |B,,| =2™"*|By| for any m > 1, which implies for any m > 1

Bual o Bual 1 Bual  SUSUBI_1

t T B 4 t *ZlO\B\ 2

Next, we provide a per-period regret bound at time ¢ for instance j in case (iii) in Appendix C.

LEMMA 14. When A holds, N =Q (log(d)log(T)) and Z, = j, the expected regret at time t € B,, form >1
is upper bounded by

2 5d1og(dp;t) L oc2 sdlog(pN)

2 .
P <222 LK ( : L log(pN)log(dp]t)>

pit 2 ot ° Npjt
24 1 N in; i)t
+ 4bT pax K (max — 4+ —6 + 7dN exp (_p ¥(min, €N P ) >) .

128dx2

max
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Proof of Lemma 14 Without loss of generality, assume arm 1 is optimal for X, i.e., argmax; ¢ X, Bl =
1. Note that here the optimal arm is a function of X, and hence a random variable; for simplicity, we fix

arm 1 as the optimal arm in the following. Consider the conditional expected regret at time t € ,,

ﬂb&)=El§:XfMﬂ—ﬁ@1@ﬁAXJ=k)J&J%:j~47
keK
where the set of arms K is defined in Algorithm 2. Since 7’ -  (X,) = k implies XtTBi XTBI me1 W
have
kEK

Define the event
L}, = {22maxd < X, (B = BL) } -
Then, we can decompose the upper bound of the regret in (45) into two parts given £, that is,

r(X)< ) (), (46)

r=1,2
where
vl (X,) =E [ZXT (81— B ({X/ B, 2 X B}l Xt,Zt_j,A], (47)
Kek
Tt2 Xt ElZXT ﬁj B]) ({XTﬁkm 1_XT5J 1}0(‘6{@)6) ‘Xt7Zt:jaA] . (48)
Kex
On one hand, the event { XTﬁk . XTB 1) ﬂ[ﬂi} regarding 77, (X,) implies

t km 1 ﬂk) t( lm 1 ﬂl)>XT(ﬂ] 5%)22%%)(5-

Thus, at least one of | X, (/7 — B7)] with ¢ € {1, k} must be greater than x,,,d, which means

tym—1
B[1({X75,,00 > X5 ;gncg|xua=qwq
< Y P[IXT(B s — BN 2 st | X Zo=5 A < S0 P[IB7,-, - B 2 6] 4]

ve{1,k} ve{1,k}

According to Lemma EC.18 in Bastani and Bayati (2020), the set of arms K filtered by the forced-sample
estimator contains the optimal arm k = argmax; . X, B} given Z, = j and no suboptimal arms in ICgub
when A holds; thus, both arm 1 and & are not suboptimal. We further upper bound the above probability

using Proposition 12 together with Lemma 13:

24
il > 6] < —
P17~ Bl > 6] Sma S 4 % TaN exp ( — 5

bl
N pit - pjt max

for v € {1,k}, where

2sdlog(dp; 4sdlog(pN 4log(dp,t) log(pN
5:a¢swwwm+@¢aw%oxww¢owmﬂ%@x

pit p,t Np;t
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Then, we can obtain from (47) that

E[ri,(X))| 2=, A] < 2bzmaxK Y P“ i —p \|1>5}

ve{1,k}
24 1 ) in; i)t
< Abx K (max + 16 -+ 7dN ex (_p Ylminiciv) pi) >> . (49)
ie[N] pit  pjt 128dz2
On the other hand, by Assumption 9, we have for the term Tf,Q (X;) that
E[r] ,(X)| Zy = j, A] € 200axd KP[(L£1)°] <42, LK6>. (50)

Combining (49), (50) and (46), our result follows by using the inequality 3(a® +b%+¢*) > (a+b+c)%. O

Now we prove Proposition 7 for the total cumulative regret across the three cases in Appendix C.

Proof of Proposition 7 First, we bound the worst-case regret for case (i). By our design, we have 2qlog(T)
time steps in total from By U B;. The worst-case regret per time step is 20z ... Thus, the cumulative regret
of case (i) is at most 2bxyax(2glog(T) + N).

Next, we provide the worst-case regret bound for case (ii). The probability that .4 does not take place
is at most 8K N/T, with a union bound over all arms and bandit instances using Proposition 11. Plus, the
worst-case cumulative regret is at most 2b2,,,xT throughout {B,,},.~1 when A fails. Thus, the cumulative
regret is at most 16bx .. K N in such case.

Finally, we show the cumulative regret bound for case (iii) is upper bounded by

Z {24xmaxLK (Cfsdlog(dpjT) +2C3sdlog(pN) + 2C3

J€[N]

d2log(pN)log(dp, T
g(p z)v g(dp; )>10g(pjT)

24p; 896> d2pv)]
ADoK | (16 + max —2Z) log(p,T) + max ——2ax 77 ||
(( i€[N] P ) log(p,T) €Nl pbpiN

In detail, the cumulative expected regret from all instances over {B,,},.>1 is

E| > r(X)|Al= > E[E[F(X)]Z.A]|A = Z > i (51)

teU,ns1 Bm teU,,>1 Bm t=2qlog(T)+1j€[N]
Note that we have
T
/ Ldtﬁ IOg(pJT).
2qlog(T) Pit Dj
Moreover, given our choice of ¢ (at the beginning of §D.1), we have

/T N exp (_p*d)(miniew]pi)t> gt < 128d*Nz? . ox (_p*i/)(minie[]\, pﬂqlog(T))
2 128da?, . Pt (miniey p;) 64dr?, .
12842N 22,
_p*l/J(mlIlze[N] pi)TBKlog(dN)/2
12822, d?
7p*¢(m1nie[N] pi)N’

qlog(T)

where the last inequality holds since T3K108(dN)/2 > N2 when T'> N and K,d, N > 1. The regret bound

follows by combining the above with Lemma 14.
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Summing up the cumulative expected regrets of the three cases, we have

Ry < 2bZmax(2qlog(T) + N) + 1602 yax KN

d?1 N)log(dp, T
+ Z {24xfnaxLK (Cfsdlog(dpjT)+20§sdlog(pN)+2032 o(p ])Vog( Ps )) log(p,T)
JEIN]
24p, 89622 d2p-)]
4D K | (16 + max =—Z) log(p,T) + max ——2ax 27 ||
(061 222 g, ) -+ g 2

In the standard case, p; = O(1/N) for any i € [N] and thus ¢ = O(Kd(sN +d)log(d)log(N)). The claim then
follows. [
Finally, we prove Theorem 3 to show the regret upper bound of any single instance in the standard regime.
Proof of Theorem 38 The proof is similar to that of Proposition 7, considering an expected time horizon
of T for instance j, i.e., a total time horizon of T'/p; = ©O(NT).

The cumulative expected regret of any instance j in case (iii) is

El > rAX)1Z=j)|Al= > prl

teU, 51 Bm teU,>1 Bm
d2log(pN) log(dT
<2422 LK (Cfsdlog(dT)+2C§5dlog(pN)+2c§ o(p N) og( ))log(T)
24p, 8962 d2pv)
+4bxmax K | (16 + max —2 ) log(T') + max ———22x =7 ) |
(( i€[N] p; )log(T) i€lN]  p.ypiN

Besides, the cumulative expected regret of instance j from case (i) and (ii) is simply
D; (2bZmax (2qlog(T) + N) 4 160 max KN) .

Combining all the above with p; = ©(1/N) in the standard case, our result then follows. [

D.2. Data-Poor Regime

The hyperparameters are

Co—2 271og(d)| B 9
wo="Co+ 70, Co=C0= 2007 No = i(N)l()', o= pW’

960222 Klog(d)|B 384022
)\0 — max Jl xmax Og( )‘ 0| , )\1’]’70 — maX JJ xmax ,
i€[N] q i€[N] D«

and

max

¢ = max { 2-3843C3 . (max{max;.; 07 sd/p;,07s /p; }) K log(d) 576C2x2,, (max,.; d*0? /p;) K s*log(N)

(Co —2)2h?p2e)? h2p,ap ’
6-1922C222  (max;.; d*c? /p;) K log(d)log(N) 9622, Kdlog(dN) QOK}
h2p.pN ©opp(mingg p)  Cpap; )
Note that
: . : log(d|BY.|)
Ao = A B = , m= log(d B, AMim=A —_—
0,j o/ /1B, G, Cio, ", 771,0\/0%( iysj%l:ilbo' ) 1, 1,0 B |

as in Algorithm 2.
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The constants stated in Proposition 14 are

962Co0; Tmax 3C, 202d%p; 24C, 202d2p,
= Oajx?,/z -, Cs="""(max 20 %P ), Ce= % (max 2998 ).
(Co —2)pi" "4 2p. A Yp; Pe i#I Ypp;

The proof of Theorem 4 follows closely that of Proposition 7 and Theorem 3.

4

Forced-Sample Estimator. First, we provide an analog of Proposition 11 in the data-poor regime. For
simplicity, we use ¢, n and \; to represent (o, 7o and Ao ; (described at the beginning of §D.2) respectively

in the following.

PROPOSITION 13. When N = Q(log(d)log(T)), the forced-sample estimator 5k 0= 5{,(30, Xo.;,wo) of data-

poor instance j satisfies

~ h 13
P [nﬂi Bl > ] <

Ao ]~ T
for the hyperparameter choices (o, Ny, Ao, and q specified in Appendix D.2.
Before we prove Proposition 13, we introduce the following lemma.

LEMMA 15. When |B} ;| > 3log(d)/ D%, we have

P |88, €0 )| 21 - exp (~D2ELL).

~ . _ *DZ Bj . Bj
P |56, co, )| 2 1- <exp (—p12' ') 20 (—“ﬁ"ﬂ')) ,

where Dy :max{1 i}

27 768522
Proof of Lemma 15 The proof of our first result is the same as Lemma 3. The proof of the second result
is similar to that of Lemma 9, by further applying Lemma 22 and Lemma 8. O
Now we prove Proposition 13 by applying Proposition 9.
Proof of Proposition 13 The proof is analogous to that of Proposition 11. Applying Proposition 9 with
¥ = p.1/2, we have

. ‘ 24\:s Ko? 3
Bio—Billi = — d(3¢ + 4n) max L Jog(=
1870 — Billx P~ (3¢ +47) maz DBl g(n)
< 3dexp(— ) 4 2dexp(— 2ILv') P |S(B],)eC(,, p* )+ 3P | A (E(B) ) < by
= 320222, Ok — min(2 (5o, 4
Ni? 22| By p-D3|Bj)
< _ _
3dexp( 9 >—|—2dexp< 32Ko%i2,. + exp Ve
_p|By| p-|Bg|
2 —
+ZdeXp( 16Kda2,. 2 2exp (5 )

i€[N]
given {|Bj|}»,, where the second inequality uses Lemma 15, Lemma 9, and |B | =|B}|/K.
Correspondingly, take

(—Co=2 27log 2Mloe(d)|Bol -, _ 9607 7,4 5 log(d) | Bo|
T 4G, - 9| B3| '
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With a union bound over (,.;y; Mg in (36) by Lemma 8, we have

= ; 768Co0;Tmaxs |3K log(d) 3s 3log(d)|By| Kd?c2log(N)
P15, — B> J 1O [ 2 oa, | 208NN g [ 28790 0BUY)
[H bo =Bt =2 ). ap; ’ 2p.¢pi| Bo

2 qN
5 p-p; DF|Bol PpilBol ~ p.pilBol
<2 dex
ST TeP ( AK ;de T 32Kda2,, Z 20K
5 p*p]|BO p*¢pz|BO|
<2 dex P-YPilBo|
S 7 Toexp < 2ok ) * Z?’ P\ T3oKdez_ )

where the last inequality uses D; > 1/2. Next, we choose a sufficiently large ¢ such that

h < 768000 :rmaxs 3K10g C’ Kd?c21og(N)
8Tmax  (Co— 1633max 0o z;ﬁa 2p.9p;|Bo|

h 3log(d)|Bo| Kd?c2log(N PYpilBo|
>24Cyy | ——F— _ = 3dex
L6~ N 2p*¢pz\60 - ; TP\ TRk, )
p:p;|Bol
= >
dexp < 20K > )

and it suffices to set

(max;; d*c? /p:) K s*log(N)

max

)

{2 3843 CEap, . (max{max,.; 07 sd/p;,07s° [p;}) K log(d) 576C3x?
¢ = max

(Co —2)2h*pZy? 7 h2p.a
6-1922C322  (max,.; d*c?/p;) K log(d)log(N) 9622, Kdlog(dN) QOK}
h?p.pN ©op(ming p)  Cpaps f

Additionally, we also require n <1/2 —1/Cy — ¢ according to Proposition 9, which is satisfied as long as

Co—2\> N-1
log(T) < .
o8 )—( 4G, ) 2710g(d)

All-Sample Estimator. Next, we provide a tail inequality of our all-sample estimator for the data-poor

instance. For simplicity, we use ¢, n and A; to represent (i ,n, 71,m and A1 ;.- (described at the beginning of

§D.2) respectively in the following.
PROPOSITION 14. When the event A holds and N = Q (log(d)log(T)), the all-sample estimator chm =

gi(Bm,)\ldﬁ,wLm) of data-poor instance j and optimal arm k € K7, ot satisfies

s?log(dp;|Bnl) | o, [log(pN) | [log(dp;|Bn|)log(pN)
p;|Bsl p]-|Bm| Np;|Bon|

1847 = Bill < Ca

6 4 PP ‘Bm| PxPiP|Bm |
min;ew, izj PilBml + P;j|Bml +9exp ( ] ) + ZZGWk i#] 5dexp ( 32dz2 . ))
for the hyperparameter choices (10, M0, and A1 o, and the constants C'4, C5 and Cg specified in Appendiz D.2.

with probability at least 1 — (

LEMMA 16. On the event M, and M2, in (42), when |BY, ,| > 3log(d)/D3?, we have
s eer P oy (o (DB _p.IBi
P |80 €@ 5] 21 (onp (- 2] ) 4 2oy (201 )

S0
27 768sz2 ., [°

where Dy = max{

Proof of Lemma 16 The proof follows closely that of Lemma 12, except that now we bound the event

c‘:’fnk = {ﬁ(éﬂ ) €EC(IZ;, % )} similarly as Lemma 15. O
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Now we are ready to prove Proposition 14.
Proof of Proposition 14 The proof is similar to that of Proposition 12. We list the details that differ from
Proposition 12 as follows.

Applying Proposition 9, together with a union bound over [ Di, . in (42), we have

1€EWyg

144M;s 2d20? 3
— Bl 2C4(3¢ +4 ———log(—
[Ilﬁkm Bills = == +2Co(3¢+4n) max | 5ip 1 108() A}
PNy Ap.| By, S/ i — P
SSdexp <— 9 > —|—2dexp< m +P E(Bﬁ-n,k)%C(Ij, 24 ) A
5 Py 1By,
+ Z |: mll’l m,kz)) S 4 A:| + Z 2€Xp <_ LO |) )
1EWg,i17#] i€EWy,

given {|B:, . [}iew, and |BZ, ,|. Correspondingly, take

(=

Co—2 _|9log(dmin;eyy, i2; B, |) N = 384a]mfnaxlog(d|8§1|)
T PN CT p.|BL| '

Note that the value of 7 is equivalent to

. \/910g(dmini¢j,|sgn>o B:,.|)

pN ’
since |B! | =0 for any i € [N] \ W, conditioned on the event .A. Similarly, using a union bound over

Nicw, (M., N ML) and applying Lemma 12, 16 and 11, we get

~ . 2 B~
P[”ﬁ’i”” Bl > Cs \/ log(dps|B./2) |, [log(pN) | \/mg p,|B.u|/2) loa(pN) ‘ ,4]

;| Bl pj\BmI Np;| B,

6 8 1P;|3 I) PPt | Bl PsPi| B
< — + +exp( dexp + exp| —————
Milew, ,iz; Pi|Bm|  P;| Bl Zewzk:l# 32da3, . Zezw:k 20
< — + —i—9€xp<—J + S5dexp | ————"0 |,
Miiew, iz Pil Bm| 5Bl 20 iewzk’:i#j 32dxfnax

where Cy4, Cs, and Cs are constants listed at the beginning of §D.2 and we use D; > 1/2.
In addition, to satisfy n <1/2—1/Cy — (, we require
Co -2 2 pN
log(d|B,, )< [=2—2) 2L [
oxtaln) < (G2 ) o5
Regret Analysis. For the regret analysis in data-poor regime, we consider the same three cases in
Appendix C.

We first provide a per-period regret bound at time ¢ for data-poor instance j in case (iii) in Appendix C.

LEMMA 17. When A holds, N =Q (log(d)log(T)) and Z, = j for data-poor instance j, the expected regret
at time t € B,,, for m > 1 is upper bounded by

’1 ; log(pN log(pN) 1 .
M <242? LI (Cgscwpzﬂwcgog(p) +ac2log(eN) Og(dp]t))
p;t Pt Np;t

24 16 p*pt p*w(mlnz?ﬁ pz)t
Abz, o K 2 Loexp (PP fsan _ DA PTA
+ a0z (I?%X ot ot < 80 > toalVexp ( 128d22

max
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Proof of Lemma 17 The proof follows closely that of Lemma 14. We list the details that differ from
Lemma 14 as follows.
Applying Proposition 14 and Lemma 13, we can write

. 24 16 p.p;t p-p(ming,; p; )t
J >5} < —+—++9 ——= 5dN ki’ R A ,

max

for v € {1,k}, where

252 log(dp;t) 4 log(pN) 4log(dp;t)log(pN)
—————+C5y | ———— Npt .
J

Then, we can obtain

, _ 24 16 p.pst P (ming.; p; )t
E[11(X0) | Z = j, A] < 4020 K (f?af‘pz Tt (‘ 80 )*We’q’ (‘ “iosdr . ))-

The rest of the proof is the same as Lemma 14. [
Now we prove Theorem 4 to show the regret upper bound of the data-poor instance.
Proof of Theorem 4 The proof follows closely that of Theorem 3, considering an expected time horizon

of T for data-poor instance j, i.e., a total time horizon of T'/p; = ©(d*NT).

Similarly, the cumulative expected regret of data-poor instance j in case (iii) is

El > rAX)1Z=j)|Al= > prl

teUWL>lB'm tEUm>1Bm

1 1
<24z? LK (Cﬁs2 log(dT) +2C2 log(pN) +2Cz mg(pNj)Vmg(dT)) log(T)

24p;
+ 4bx o K ((16 + max Pi ) log(T') +
%]

i

720 896z2 , d?p, )
max —— X _~J )
D« i€Vl pp N

where we use Lemma 17. Besides, the cumulative expected regret of data-poor instance j in case (i) and (ii)

is simply

Dj (40T axqlog(T) + 26620 KN ) ,
where we use that the event A holds with at least a probability of 1 — 13K N/T. Combining all the above
with p;/p; =©(1/d?) for any j’ # j in the data-poor regime, the claim then follows. [

D.3. Margin Condition
In this section, we discuss how our regret bound in Proposition 7 is affected by the margin condition (Assump-
tion 9). We assume a more general margin condition (Bastani et al. 2021a) as follows, and show that our

algorithm can still achieve an improvement in the context dimension.

AssuMPTION 11 (a-Margin Condition). For any arms k and k' of any instance j € [N], there exists a
constant L >0 such that P[| X7 (8] — Bi,)| < k| Z=j] < Ls* for any £ >0 and for some o> 0.

Throughout our regret analysis in Appendix D.1, we only use the margin condition in Lemma 14. Thus,

given Assumption 11, we have the following analog of Lemma 14:
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LEMMA 18. When A holds, N = Q (log(d)log(T)), Z, =j and a# 1, the expected regret at time t € B,,
for m > 1 is upper bounded by

a+1
| 242 log(pN) log(dp, T .
ri <2422 LK <C“/sdlog(dpjT) + Cy\/25dlog(pN) +03\/ og(p A)[Og( Pi )> (pyt)~“F*

24 16 p.tp(mingen p; )t
4b maxK — 7dN - :
b (frel[é}\ﬁ Dt * p;t * P ( 128dzx2

Proof of Lemma 18 The proof is close to that of Lemma 14. We can follow the same steps until (49).

Now instead we use Assumption 11, and the term 77 ,(X,) has

E[r] o(X,) | Z = j, A] <2200 KP [(L£])°] < 4a? , LK5*.
The claim then follows. [

Now we are ready to state the following regret bound for all instances given our general margin condition.
Intuitively, a larger value of a imposes stronger assumptions on the contextual distribution P% around the
boundary — i.e., it rules out distributions with high density around the boundary — and hence makes the
problem easier to learn. When o — 0, we obtain a O(y/T) regret guarantee; however, when o — 1, we recover

an optimal O(log(T)) regret as stated in Proposition 7. The proof is similar to that of Proposition 7.

COROLLARY 4. When N = Q(log(d)log(T)), the total cumulative expected regret of all instances up to
time T of RMBandit satisfies

+1 1—

n_JO (KN (sd+d?/N)*F (log(N)log(dT/N))*+* (T/N) ) , where a <1
’ O (KNlog(T/N)), where o > 1
for appropriate choices of hyperparameters wo, (1.0, M,0, Aos A1,0, and g provided in Appendiz D.1.

Appendix E: Useful Lemmas

This section collects useful results from the literature.

LEMMA 19. Let X = [Xl Xn] be a vector of n independent o-subgaussian random variables with mean

w. Then, for any a € R™ and t >0, it holds that

Plla” (X |2 ] < 2w~ ).

2023

Proof of Lemma 19 See Corollary 1.7 of Rigollet and Hiitter (2015).

LEMMA 20. Consider a sequence of independent random symmetric matrices X, € R k € [n] with

Amin(X1) >0 and Apax(Xy) < L for any k. Let p= )\min(E[Zke[n] Xi]). We have for 0 <t <1 that

1—1)2
P Ami“(k%:]Xk)>tﬂ >1—dexp <_(2L)M>

Proof of Lemma 20 See page 61 in Tropp (2015).

LEMMA 21. Suppose Xi,---,X, are n independent Bernoulli random wvariables with mean py,--- ,pn

respectively. Let p = Zie[n] p;. Then, we have

H H
P ‘ZXi*MZg SQeXP(*TO)-
i€[n]
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Proof of Lemma 21 The result follows by taking e =1/2 in Corollary A.1.14 of Alon and Spencer (2004).

LEMMA 22. For any sets B,B’ with B' C B, it holds that )\mm(i(B)) > )\min(i(B’))|B/|/|B|. Besides, if
S(B') €C(S,4), then S(B) € C(S,|B'|v/|B)).

Proof of Lemma 22 See Lemma EC.23 and EC.7 in Bastani and Bayati (2020). O
Appendix F: Experimental Details
F.1. Synthetic Experiment Details

Offtine. Each instance receives an equal n; = 100 observations (consider the standard data regime). We
generate the shared parameters 87 by drawing each element independently from a uniform distribution
Uniform|0,2], and normalizing them such that ||57]|; = 2. We randomly draw s entries out of the d dimensions
for each bias term ¢’ independently, and then draw the values of the s nonzero entries independently from
a uniform distribution Uniform[0,1]. Next, we draw the context vectors X, independently from a gaussian
distribution N(0,I), truncated at —1 and 1 so that || X;|lcc = 1. We draw the noise ¢, independently from
a gaussian distribution N (0,07) with o; = 0.05 for any instance j € [N]. To test the performance of our
algorithm, we leave 20% of the data of the target instance as the test set, and use a 4-fold cross validation
to tune all the hyperparameters on the rest 80%.

Online. Our total time horizon across instances T equals 15,000, 10,000 and 60,000 respectively for the
three settings in Figure 6 and the arrival probability p; = 1/N for all j € [N]; thus, each instance will receive
an expected 500, 1,000 and 4,000 observations respectively. We generate the shared parameters {Bl} ke[Kx] by
drawing each element independently from a uniform distribution Uniform[0, 2], and normalizing them such
that ||} ||, = 5. We randomly draw s entries out of the d dimensions for each bias term §] independently,
and then draw the values of the s nonzero entries independently from a uniform distribution Uniform[0, 1].
Next, we draw the context vectors X, independently from a gaussian distribution N'(0,I), truncated at —1
and 1 so that || X[, =1. We draw the noise ¢, independently from a gaussian distribution A'(0,07) with
o; =0.05 for all instances j € [N].

To ensure fair comparison, we tune the hyperparameters of all algorithms on a pre-specified grid. Define
a hyperparameter gy to be such that ¢ = g KN for ¢ in our Algorithm 2. We take ¢ =1 for LASSO, OLS
Bandit and the pooling algorithm, and A; = A3 o = 0.005 for LASSO Bandit (note that the definition of ¢
in Bastani and Bayati (2020) is different from ours). We take o= 0.5 for GOBLin. We apply a trace-norm
regularization on the parameters for each arm k € [K] respectively, and set the tuning constant in A, to be
0.005 in Trace-norm Bandit. For RMBandit, we take go = 0.5; additionally, we set wy =11,0=0.2, (1,0 =0.1,
and Ao = A1,0 =0.005 for the first two settings (a) and (b), and wy = (1,0 =110 =0.05 and A\g = A1 0 =10.01
for the third setting (c). We take h =5 for the first two settings and h = 10 for the third setting. For the

robustness of our choices of the hyperparameters, please see additional experiments in Appendix G.

F.2. Diabetes Experiment Details

Our original dataset consists of 9,948 patients observed from 379 healthcare providers. However, many of
these providers observe very few patients, so we restrict our experiment to the N = 13 largest hospitals, of

which each has at least 150 unique patients (mean 317, median 301) observed during the sample period. We
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perform standard variable selection as a pre-processing step in order to avoid overfitting when computing our
linear oracles. In particular, we run a LASSO variable selection procedure by regressing diabetes outcomes
against the 184 total features (note that we exclude the healthcare providers that we use in our experiment in
this step to avoid overfitting), and we tune the hyperparameters using 10-fold cross-validation. This leaves us
with roughly 80 commonly predictive features (the number of selected features depends on the randomness
in the cross-validation procedure). Note that this is still a relatively large number of features compared to
the number of observations, supporting our argument that arm parameters are likely dense.

We fit a linear oracle to data from the target provider in hindsight; to avoid overfitting, we use a leave-
one-out approach, i.e., for each patient, we train the best linear model on all data from the target provider
excluding the current patient. Our oracle is constructed to provide the best achievable mean squared error
within a linear model family. For the offline setting, we leave 50% of the data as the test set, and use a
4-fold cross validation to tune the hyperparameters on the rest data. For the online setting, to ensure fair

comparison, we tune the hyperparameters of all algorithms, and we report the optimized results in Figure 7.

F.3. Pricing Experiment Details

Data. The original dataset covers 145 weeks of orders from 77 fulfillment centers across 51 cities. There
are 14 different categories (e.g., beverages, snacks) and 4 different cuisines (e.g., Indian, Italian) for meals
delivered by the company. We restrict our experiment to fulfillment centers in the three largest cities that
have more than 2 fulfillment centers. Thus, we have N = 20 centers, each processing an average (median) of
5,916 (6,118) orders during the sample period. One order arrives at each time step, and the chosen price is
the checkout price, which includes discounts, taxes and delivery charges. The order price in our data ranges
from $45 to $767; thus, we set pni, =40 and pua, = 800. Following standard practice, we also normalize
the price so it has a similar scale as the other features. Our outcome (demand) is given by the quantity in
each order. The contexts are order-specific features including dummy variables capturing the category and
cuisine, indicators of email or homepage promotions, and an intercept. Overall, our X, has dimension 19,
and therefore the dimensionality of the unknown parameters of the pricing model d = 38.

Algorithm. We now embed our robust multitask estimator within the ILSX/ILQX algorithmic framework
proposed in Ban and Keskin (2021) to design our RMX algorithm; similarly, we embed the Laplacian estimator
used by GOBLin (Cesa-Bianchi et al. 2013) to design the GOBX algorithm.

Let 37 = {5 6] denote the unknown parameters for instance j. For our forced samples, we fix two experi-

A

mental prices p; =200 and py = 600, which we charge in two sets of periods

k3

M =St 1(Z, =j)=FE*+i-1,E=1,2,---

relt]
for each experimental price i € [2] and each instance j € [N]. Note that M is a random set in the multitask
setting, since it depends on the realization of arrivals Z,. Let M7 = M{ U M} represent the forced price
experimentation period, and let M} = {r|r € M7, r <t} be the set of time periods when prices are forced at

instance j before time ¢. We update our RMEstimator of 37’s at time periods

M={t|t=N(E*+1),E=1,2,---},
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so that each instance obtains the same number of training observations in expectation as in the single-

M7 . where

instance setting.'® Then, the samples used for estimating the optimal price at time ¢ are UJ, ein M3,

e =max {r|re M,r <t}.
Note that we now only maintain a single set of estimated parameters for instances (compared to both
forced-sample and all-sample estimators in Algorithm 2). We denote our RMEstimator (Algorithm 1) at

instance j at time ¢ as
ﬁj(UjE[N]ijy.thj,tawt)'

The first argument indicates the training data, i.e., all observations with price experimentation before time
v: (recall that the robust multitask estimators are only updated at ¢ € M); the remaining arguments are
hyperparameters. We denote the estimated optimal price of user X; at instance j at time ¢ as

) N XTB\j

jg\j(Xh ﬁj) = tio/\w
—2X B

which is truncated at punin and pmax. We formalize our algorithm in Algorithm 3.

Algorithm 3 Robust Multitask Estimator with Price Experimentation (RMX)

Input parameters: Initial hyperparameters (o, 19, A
Initialize {M7};c[2), and M
for t € [T] do
Observe an arrival at instance j = Z, and corresponding context X,
if t € M then
Charge price p; = p;

else
Charge price p, :ﬁ(Xt,ﬁj(Uje[N}Mfy't, Aty We))
end if
Observe demand Y, = X" 3} +p, - (X, B]) + ¢
if t€ M then

Update ¢ = Co, 7t = no\/log(dminje[m,witbo |M3,|), and w, = G+

Update \;, = \; 0| M?, |7 /log(d|M3,|) for each j € [N]

end if
end for

The GOBX algorithm follows exactly as in Algorithm 3, but uses the Laplacian-regularized estimator from
(Cesa-Bianchi et al. 2013) instead of our robust multitask estimator. Once again, to ensure fair comparison,
we tune the hyperparameters of all algorithms, and we report the optimized results in Figure 8.
Appendix G: Additional Experiments
G.1. Dependence on Parameters in RMEstimator

First, we study how the performance of RMEstimator scales with the parameters in our model setup. In the
following, we consider the setting (¢) in Figure 4, where N =15, d =40, and s = 5. The model setup is the

same as the offline setting described in §F.1.

10We initialize our algorithm with OLS until each instance has at least observed 2 orders.
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Aligned with our theory, Figure 9 shows that the prediction error decreases with the number of instances
N, increases with the sparsity level s and again decreases with the sample size ratio n;/n; for a target
instance j (n; =ny for i #4 and 4,7’ # j). Intuitively, when more auxiliary information is available, e.g.,
a larger number of instances or higher arrival rate in neighboring instances, our estimation or prediction
becomes more accurate and hence the prediction error declines. However, when the instances become more
heterogeneous, e.g., a higher sparsity level s, less shared information can be transferred and the problem
becomes harder to learn. We note that (c) in Figure 9 is related to the data-poor regime; in particular, the
prediction error in a data-poor instance (i.e., n;/n; > 1) is lower than the corresponding prediction error in

a standard instance (i.e., n;/n; ~ 1) for RMEstimator, consistent with Theorem 2.
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Figure 9 Lines depict the prediction error averaged over 200 trials of a single linear instance, with error bars

the corresponding 95% confidence intervals.

In addition, we also study how RMEstimator reacts to different values of the parameters 87’s. Figure 10 (a)
shows the prediction error versus the alignment of §7’s. We randomly select s out of the first d. dimensions,
instead of out of all the d dimensions, to create §’’s. Thus, for smaller value of d,, the supports of §7’s are
more aligned. We find a non-monotonic relation between the prediction error and the value of d,.. Intuitively,
RMEstimator performs better when there are fewer well-aligned components to learn together with 67 in Step
2 (ie., |ZS,,| is smaller); that takes place either when the supports of §7’s are very aligned and |Z¢,,| ~ s
or when the supports of §’’s are not aligned at all so each dimension is approximately poorly-aligned and

1.

W

1l = 0. It is worth noting that even in the worst case, RMEstimator can still provide a reasonably good
guarantee on the prediction error, which shows the robustness of this algorithm. Figure 10 (b) compares
a pooling algorithm with RMEstimator given different magnitudes of 47’s. More specifically, we draw the
values of the s nonzero entries of ¢7 from a uniform distribution Uniform[0, a]. We find the pooling algorithm
outperforms RMEstimator only when the value of a is very small. Nevertheless, even in that case, our algo-
rithm still transfers most of the information and provides a competitive prediction accuracy as the pooling
algorithm. This suggests our algorithm can be useful in most of the settings empirically. Finally, we analyze
the performance of our algorithm when §7’s are approximately sparse in Figure 10 (c¢). In detail, we add a
noise of Uniform|[—a,,a,] on each dimension of §7. Therefore, 67’s become less sparse when a, takes larger
values. The result is consistent with Figure 9 (b); that is, when a,, is larger and there is less shared structure

across instances, the problem becomes harder and our prediction accuracy declines.
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Figure 10 Lines depict the prediction error averaged over 200 trials of a single linear instance, with error bars

the corresponding 95% confidence intervals.

G.2. Comparison with SCAD & MCP in RMEstimator

We now numerically explore alternative variants of the LASSO penalty, such as SCAD (Fan and Li 2001) and
MCP (Zhang 2010), in Step 2 of the RMEstimator. We consider the setting (b) in Figure 4, where N = 10,
d =20, and s =2. The model setup is the same as the offline setting described in §F.1. In Figure 11, we
find that the performance of RMEstimator based on SCAD or MCP is comparable or worse than that of
our RMEstimator based on LASSO, which confirms the value of efficient knowledge transfer through robust

statistics regardless of our choice of the sparse penalized algorithm.
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Figure 11 Bars depict prediction error of one task averaged over 20 trials, with corresponding 95% confidence
intervals. ‘RME’ is RMEstimator using the LASSO penalty, and ‘SCAD’ and ‘MCP’ are our RMEstimator using
the SCAD (Fan and Li 2001) and MCP (Zhang 2010) penalties respectively.

G.3. Demonstration of Sparse Heterogeneity
In Figure 2, we used a hypothesis testing procedure based on the nonparametric bootstrap from the literature
(see, e.g., §12.8.2 in Wooldridge (2010), or §3.4 in Wasserman (2006)) to illustrate that our health risk
prediction dataset supported our assumption of sparse heterogeneity. We provide additional details below.
We first compute separate linear estimators {EJ }jens) for each of the 13 hospitals, then use the trimmed
mean to estimate the shared parameter 3t = TrimmedMean({B\j }iens), w), and finally compute the resulting
task-specific parameters {SJ }jens) for each hospital by subtracting the estimated shared parameter BT from
{Bj 24 e, 87 = B9 — Bt. Note that we do not use LASSO as in our algorithm design in §3.2, i.e., this

procedure does not impose any sparse heterogeneity structure on the model parameters {7} ,c13).
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After we obtain the task-specific estimates {SJ }jens) for each hospital, we run a hypothesis test on each
entry of §7 directly. We use a bootstrap hypothesis test across 500 random draws of the training data to
determine whether the ** coefficient of §? (i.e., 5{1.)) is statistically distinguishable from zero — that is, the
null hypothesis (5{1.) =0 is not rejected at the 5% significance level. We set coefficient i of row j (i.e., gfl)) to
zero if the null hypothesis is not rejected at a 5% significance level, and otherwise maintain the estimate ggl)

Given knowledge of the true trimmed mean hyperparameter w, this testing procedure directly follows the
standard nonparametric bootstrap procedure from the literature (see, e.g., §12.8.2 in Wooldridge (2010), or
§3.4 in Wasserman (2006)). Particularly, for the hypothesis testing procedure, we can create a 95% pivotal
confidence interval (Wasserman 2006) for each entry of 7 and check if it covers the value 0; if it covers 0,
than the null is not rejected. We find that the sparse heterogeneity pattern in Figure 2 (which takes w =0.1)

is robust against varying values of w, as shown in Figure 12 below.
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Figure 12 Heatmap of nonzero coefficients given by the estimated task-specific parameters {|§’ \};il for varying

w. We set coefficient ; of row j to 0 if the null hypothesis 6{1.) =0 is not rejected at a 5% significance level.

G.4. Diabetes Risk Prediction using Logistic Regression

Recall that the diabetes risk prediction task from §6.1 is actually a classification problem with binary
outcomes. Thus, we also compare the logistic regression analog of the RMEstimator (as described in §4.5) with
the logistic regression analogs of all the baseline algorithms (i.e., group LASSO, nuclear-norm regularization,
LASSO, and regression, all estimated using maximum likelihood estimation with the logistic loss). The
experimental setup is identical to the one described in Appendix F.2. Figure 13 shows the resulting out-of-
sample predictive accuracy for the RMEstimator and other baseline algorithms. Once again, we find that the
RMEstimator achieves the best performance; yet, in this specific task, logistic regression does not perform as
well as its linear counterpart for all methods (as can be seen by comparing the scale of the y-axis in Figure 13

with that of Figure 5). We hypothesize that this may be due to the small sample sizes involved. Linear and
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logistic regression estimates are often highly correlated even when the outcomes are binary, and produce
nearly identical decisions (see, e.g., Pohlman and Leitner 2003); however, linear models are unbiased in small
samples, enabling faster convergence and improved multitask learning in the low-data regime, which may
explain our improved performance with linear classifiers. In practice, one should choose the best predictor

based on out-of-sample AUC; thus, we report results based on linear models in the main text.
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Figure 13 Bars depict out-of-sample preformance measured by AUC at one hospital (averaged over 1,000
trials), with 95% confidence intervals. Hospitals A and B have 301 and 246 unique patients respectively. All the
methods are based on logistic regression. ‘GLASSO’ refers to group LASSO, ‘Nuclear’ nuclear-norm

regularization, and ‘RME’ our robust multitask estimator.

G.5. Robustness to Hyperparameters in RMBandit

We now study the cumulative expected regret of RMBandit algorithm varying the hyperparameters specific to
our algorithm: (i) go € {0.2,0.5,0.7,1} (the hyperparameter g, is such that ¢ = go KN for ¢ in Algorithm 2),
(ii) wo,C1.0,m.0 € {0.1,0.2,0.3}. In the following, we only focus on setting (b) in Figure 6, i.e., N = 10,
K =10, d =20, and s = 2. The results in Figure 14 are calculated over T = 10,000 total time steps and
averaged over 20 trials. We find that the cumulative regret is not substantially affected considering varying
values of these hyperparameters; this suggests that our algorithm is robust, which is important especially in

empirical applications where these hyperparameters might not be well specified.
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Figure 14 Lines depict the cumulative regret averaged over 20 trials of a single linear contextual bandit, with

shaded regions the corresponding 95% confidence intervals.
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